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It is known that one of the most paramount and complicated
problems in variational inequality Theory (VIT) is the development
of an efficacious and implementable approximation schemes for
solving diverse categories of variational inequality. Thus, through
this study we introduce a new iterative scheme with errors to solve
generalized strongly nonlinear implicit quasivariational inequalities
(GSNIQVI) by fixed point defined on for a set-valued mapping @ # D
c 5,9 :E — 2% with closed convex values in Hilbert space E. These
iterative schemes are constructed for Lipschitz continuous mappings,
['-strongly monotone, and €-strongly monotone mappings under
some appropriate conditions. These iterative schemes is solving
special case of GSNIQVI with errors and without errors. We proved
an existence and uniqueness results for solution GNIQVIP and
convergence of new iterative algorithms with errors, and without

errors, for several mappings: the first I["E — Z is a Lipschitz

[1]

continuous mapping, the second A, C, E, U:E — E are Lipschitz
continuous mappings, the third N: 2% — Z is a mapping such that
N(A,C E 0) is a strongly monotone with respect to A in Ny, T-
strongly monotone with respect to C in N,, €-strongly monotone
with respect to E in N3 and Lipschitz continuous with respect to
N;,N,, N3, Nyand the fourth P5(g) :D — E is the metric projection
which is Lipschitz continuous. Our results is inspired and encouraged
for several research works in the literature.

Introduction and Preliminaries

The well-known that variational inequality (VI) theory play a remarkable and major role
in the etude of a fluid flow through porous media, nonlinear programming, economics and

transportation equilibrium, physics, contact problems in elasticity, mechanics, optimization
and control, and many another offshoots of engineering sciences and mathematical.
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Over many years the researchers arising a several new iterative algorithm which
contains some known algorithm as particular status for approximation of solutions GNIQVIP
and GNIQV inclusion problem which include VI, QVI and variational inclusions , quasi-
variational inclusions, and also proved the convergence of them, (for example see [1-9] ).

Inspired and encouraged by recent research works [1], [3], [8, 9] and other reference
in literature, we prove an existence and uniqueness theorems for solution of GNIQVIP and
convergence of new iterative algorithms with errors and without errors, including Lipschitz
continuous, strongly monotone mappings in Hilbert spaces.

Before we recall and introduce the important preliminaries, using the following symbols:
- & := real Hilbert space,
- D := Set-valued mapping with nonempty closed convex values subset of Z,
- T the identity mapping of Z.
- F(K) := The set of all fixed points of X
- GNQVIP := Ggeneralized nonlinear quasivariational inequalities problem
- GNIQVIP := Generalized nonlinear implicit quasivariational inequalities problem
- N; = The first argument of N
- N,:= The second argument of N
- N3:= The third argument of N
- N,:= The fourth argument of N

AAAAAAA

Consider space Z, with inner product and norm denoted by (.,.) and || .||, respectively,
D:E — 2% is a set-valued mapping with nonempty closed convex values. Let ACEUTE—
Z be mapping, and h: £ — Z is mapping, P5 : D - E is the metric projection which assigns,
to each § € E, the unique point in D, denoted Pz (8), such that
g — P5 (@Il = inf{||g — ¥lI: v§ € D} (1)
Now, define collection of mappings N: 2% — = such that N (A, C, E, U) is:
« 4-strongly monotone with respect to A N;, with positive constant 4,
o I'-strongly monotone with respect to C in N,, with positive constant ¢. (2)
e ©-strongly monotone with respect to E in N5, with positive constant é,
e Lipschitz continuous with respect to N;, N,, N5 and N, with positive
constants 3§, ¢, &, 0, respectively.

We deem the next problem: Find g € E, such that I'(g) € D(g)

(r(®) — N(Ag Cg Eg, 08),y —T(8) = 0,vy € D(®) (3)
The problem (3) is called GSNIQVIP.
Remark 1.1:

IfDE) =m(@) +D, 0+ Dc E. then the problem (3) is equivalent to finding § € E
Such that I'(8) — (g) € D

(r(g) — N(Ag Cg Eg 08),y — T(8) = 0,vy € h(g) +D (4)
is called GNQVIP.

Assume that D closed and convex and @ # D € 5. A mapping: D — E is said to be
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i. Strongly monotone [10, 11] if there exists a constant T > 0 which in
(Kg-Kt,g— y)=tlg — JlI>, Vg yE€D,
ii. Monotone [11] if
(Kg—Xt,g— y)=0,V 5 y€D,
iii. Lipschitz continuous [12] if there exists a constant ) > 0 which in
IKg— Kt <nlg-yll.ve yeD.

In the following, recall the needed lemmas:

Lemma 1.2. [13] Let {7,,}, {&,} and {0, } be sequences of nonnegative real numbers such that
Tn1 < (A=A, + &, + 0y, n=0.

where {A,} € [0, 1], X720 An = ®, , &, = 0(4y), Xipzq 09 < 0.

Then, Al_r& 7. = 0.

Lemma 1.3.[14] Ifg € Zand j € D, then g§ = P5(¥) if and only if the next inequality satisfies:
(g-y,t"—g =0 vt* €D.

Lemma 1.4. [15] The mapping P5 defined by (1) is non-expansive, i.e
I1P5(®) —Ps NI < lIg—7Il,VE §€D.

Lemma 1.5. [15] If D(g) = m(g) + D, then V g, y € E, we yield
Py () = m(g) + P5(y — h(g))

If there exists a point § € D such that § = K, then g is called be fixed point of X. It is
well famous that F (%) is closed and convex if K is nonexpansive. There are many Authors

studied a fixed point as [16-19] , also many applications and related papers for this field such
as [20-23].

From Lemma (1.3) and (1.5), it is well-known that the QNIVIP in (2) has a unique
solution if and only if the mapping 0: £ — Z

0() = §—T'(®) + Pagg [I(® — b (1@ — N(Ag Cg Eg 0g) )| (5)
has a unique fixed point, b > 0.

2. Main Results

Important new definitions and proposition are presented below:

[$3]

Definition 2.1: Suppose that D :E — 2% is a set-valued mapping st V€ E, @+ D C
closed convex. The projection P5(g) is p-Lipschitz continuous, if 3 p such that

P53 — Pspy @ < pllg—5I, vy, 7€k

[1]

Definition 2.2: Suppose that A: E Z and N: £ - E be mappings.

The mapping N is called:
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« Strongly monotone with respect to A in Ny, if 3 4 > 0 such that

(N(Ag.,...) —N(Ay,.,.,.).g— §) = 4llg—yl> vgy €E.

e Lipschitz continuous with respect to N;if 3 4 > 0 such that
NG .,.,.) =N(F,.,.,.)|| < éllg-yll, vg 7 €&

By the same way, we can define strongly monotone and Lipschitz continuity of N with respect
to N,, N5, and N,

e A is Lipschitz continuous if 3] > 0 such that

Definition 2.3. Assume that , E,T', €: £ — Z be mappings. The mapping N: 2* - Z is called:

Ag—Ay| <jllg— ¥l v&y, €&

o I'-strongly monotone with respect to N,, if
(N(.,Cg,.,.)=N(.,Cy,.,. ) T® - TE) 2 ¢ IT®) - T@I* VEY€EEE>0
e ©-strongly monotone with respect to N3, if

(N(.,..,Eg.)=N(.,.Ey,. ), T@ -TH)=é [le@ - e®I* vg§yesé >0
Algorithm 2.4. Assume that @ # DcE D:E— 2% isa closed convex set-valued mapping,
Let A, C, E, U,I:E — E be mappings, N: E* - E be a mapping defined by (2), and Ps(g) is

p-Lipschitz continuous mapping. For arbitrary g, € D, define a sequence {g,} with errors as
follows:

Bus1 = — TGn) + PG [FG) = b (TFn) = N(AF, G, B, 05) )| + Mt
= b {0 — D@0 + P (@) [T = b (T(@0) — N(Ag, Cin B 03) )]}
(= () + P () [F() = b (P(t) — N(Aty,, Cty, By, 08,)) [} + 1107,

t = Gl + £n {0 — T80 + Po(@) [F@) — b (TG — N(Aky, o B, 02,) )|}

+ Wy, n 2 0. (6)

where {0,}, {¥,}, {W,,} be bounded sequences in E, and {n,},{&,}, {¢,.}, (.} {&.}, {€,.}, (M.} are
sequences in [0, 1] holding the next conditions:

by by =18, +E, + A, =100, 7)

- rlll—l;{)lo Nn = Al_r};lo T']n = 711_{1;10 ﬁn =0, Z%ozl én = 0; Z?Lozl Np < ; and Zgozlﬁn < . (8)
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Algorithm 2.5: Assume that® = D c 5, D :E — 2% is a closed convex set-valued mapping,

Let A, C E U,T:E — E be mappings, N: £¢ » E be a mapping defined by (2), and Pg(g) is p-
Lipschitz continuous mapping. For arbitrary g, € D, define a sequence {g,,} as follows:

En+1 =Yn — F(yn) + P@G”n) [F(y’n) —-b (F(yn) - N(Ayn’ Cyn' Ey’n’ 0$”n))];
yn = dn {gn - F(gn) + P:‘_)(gn) [F(gn) —-b (F(gn) - N(Agn' an' Egn' ng))]}
+én {tn = T(£,) + Pp(ty) [[(t) — b (T(#,) — N(Aty,, Ctyy, By, 0) )|}

tn = &ngn + én {gn - F(gn) + P@(gn) [F(gn) —-b (F(gn) - N(Agnr anr Egn' ﬁgn))]}' (9)

Assume that {&,}, {¢,}, {&,}, {€,} are sequences in [0, 1] holding the next conditions:

-d,+é,=1,46,+€, =1, n=>0, (10)
-lima, =lima, =0, Y02 €, = . (11D
n—->oo n—->oo

Now, important main results are presented:

Theorem 2.6. Assume that E be real Hilbert space, D : E — 2% is a set-valued mapping with
nonempty closed convex values, I',€:Z — = be a mappings. Let A, C, E, U: £ — E Lipschitz
continuous mappings with constants j, h, f, b respectively, and N: Z* — Z be a mapping

defined by (2). Suppose that:

[1] [1]

o[, (T —I') and € are Lipschitz continuous with t,y,Z > 0, respectively,
 P5(g) is p-Lipschitz continuous.

If the next conditions satisfy:

- J(@e—4a—ad)? — (832 — d2)8(2 — @)

éZj’Z — dZ

| éd—a—d

éZj’Z — dZ

sd>4+d+ /@ -D@ +d)e@2—8), ed>4+4d, aj>d

whiching =2y+p+%d=p+0hand9d =&+ /1 + 2bad+b2a%2+bd <1 (12)
Then there exists a unique g € Z holding GSNIQVIP (1)..
Proof: Itis enough to show that the mapping in (5) has a unique fixed point in =.

Let g,y € E, by Lemma (1.4) and Lipschitz continuity of P5(g) and (I — I'), we yield
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10@® - 0|
= [|& - 1@ + Ps(@ [r@ ~ b (r@ - N(Ag & B2, 08))] - § + TG)
~ P35 [r@) — b (I @) — N(AY, C5, B3, 07) ||

<|g-r® -G -r)| +plz -yl

<2[lg-T® - (F-T®)| + pllg -yl +2lig - ¥l
+ || @ -9 + b (N(Ag Cg By UF) — N(Ay, Cg Bg, 0g) )
+b |r@ - r@) - (N(Ay, g By, 0g) — N(Ay, Cy, Eg 0g) ) |
+b|e@ - e - (N(Ay, ¢3, By, Ug) — N(Ay, &3, B, 0g) )|
+b||N(Ay, Cy, By, Ug) — N(Ay, Cy, E3, 07|

< @y+p+nlg—ll+|| - +b(N(Ag Cg Bz 0g) - N(Ay, Cg Bz, 08))|| + b | r@ -
re) - (N(Ay, Ca Bg, 08) - N(Ay, €y, B, 08) ) | + b ||e® - e®) - (N(Ay, &, By, 0g) -

A

N(Ay, Cy, B 0g) )| + blIN(Ay, 7, By, 0) — N(Ay, 5, By, 09) | (13)

By, N is a-strongly monotone with respect to A in Ny, Lipschitz continuous with respect to N,
and A is Lipschitz continuous mapping, we get

| -9 + b (N(Ag Cg B Ug) — N(Ay, Cg Bz, 0g) )
< |lg — yII? + 2ballg — 71|12 + b%a?||Ag — Ay||”
< (1 + 2ba+b2%a%?) |Ig — yl|? (14)

Since N is I' -strongly monotone with respect to C in N,, Lipschitz continuous with respect to
N,, and C is Lipschitz continuous, we yield

I — 1 - (N(As, Ca B Og) — N(A, ¢, Bz, 0)) |

<llg - ¥lI* — 2¢IT @) — TGII? + &

< (¢3(1 - 26) + &) |g - ¥ (15)
“ n R R R A R R R 2
|e® - e - (N(4y, ¢y, By, 0g) — N(Ay, ¢y, Eg, 0g) ) |
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v o o ~ o o - AL AoNn2
< 72|lg - ¥ — 28lle (@) — eMI? + &*||Eg — £
< (72(1 —28) + &*)|lg — yII? (16)
IN(Ay, Cy, Ey, Ug) — N(Ay, Cy, Ey, Uy)|| < 0bllg — I (17)
From (14), (15), (16), (17)

10(®) — Ol < Illg—¥ll,vg, ¥ € E (18)

9 = &+ /1 + 2ba + b2a2j2+bd,

E=2y+p+%p=+/12(1—26) +&h2 +/22(1 — 2&) + &22,d = p + O

By (12) we know 0 < 9 < 1, thus 3 unique fixed point § € E of 0, s.t § is a unique solution of
GNIQVIP (3).

Theorem 2.7. Assume that the hypotheses of Theorem (2.6) hold. Then g, — g, as n — oo,
{g.} defined by Algorithm (2.4).

Proof. From (6), (18), and g € 0, we yield
I8n+1 — 8ll =
” [y’n - F(yn) + Pﬁ(yn) [F(yn) —b (F(yn) - N(Ayn' Cf’nr Eyn' Uyn))] + nnﬁn] - g”
= || [yn - F(yn) + P@(i”n) [F(yn) —-b (F(yn) - N(Aynr le’n' Eyn' Uyn))] + nnﬁn] -
2 - (@ + P5(&) (@ - b (r@® - N(Ag Cg £z 08) )| + nag|
< 10 — 0@l + nplldy, — gl
< I||¥n — &l + npllt, — &l (19)
By, the same way, we get
15 — &Il = ||| én {&n — T(@) + P (&) (&) — b (T(@n) — N(Agn, C2n, B 020) )]} +
b {£n — T(ta) + P () [[(£,) — b (T(t) — N(Aty,, Cty, B, 08,) )|} + 0| - 8

= ||dn {gn - F(gn) + Pi_)(gn) [F(gn) -b (F(gn) - N(Agn' an' Egn' ng))]}

—a, {£-T@® + P5® [r® - b (r® — N(Ag Cg £z 0g) )]}

+é, {tn — (£, + P5(£,) [F(tn) —b (F(tn) — N(Aty, Cty, Bty ﬂtn))]}

— &, {8 T(® + Po@® [F(® — b (I(® — N(Ag Cg £g, 08) )]} + Halvn — 21|

< & l10(8n) — 0@ + £,110(¢) — 0@ + Mllvn — &l

< &, 9|8, — &ll + £, 901%, — &Il + M llv — &l (20)
Also,
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1t — 8l < dnll8, — &Il + € 0118n — Bll + fiull W, — Bl (21)
Let Y = max{sup, ||, — &ll, sup,llon — gll, supplle, — gll,n 2 0 } (22)
Then, Y < o, and by applying Lemma (1.2) get the next:
£ — Bl < dnllgn — Bl + Er0I8n — &Il + 1Y
17 = &Il < 6nOIgn — Bll + €296, 118 — Bll + €80 092118, — Bl + £,915,Y + 1, Y
181 — Bll < &2 118 — Bll + €192 l18n — Bll + £,,0° 1180 — BIl + €071, Y
N, 9Y + 1, Y
< [n9? + 92, (809 + E,9D]NIEn — Ell + £29%H0Y + (a0 + )Y
< [1— &, + 98,]l18, — &Il + &xfinY + (Nn + MY
< [1- (1= 9)én]llgn — Bll + énfinY + (i + )Y

LetA, = (1 —9)&y, Tn = 18 — 8ll, &n = énﬁan and o, = (1, + nn)Y-
Then, from conditions of Theorem (2.6), we get Yo, A,, = 00, Y71 07, < o0, and lim &, = 0.

n—-oo

Thus, §,, — g,asn — oo.

Theorem 2.8. Assume that E be real Hilbert space, D : £ — 2% is a set-valued mapping with
nonempty closed convex values, I, €:E — E be a mappings. Let A, C, E, U: £ — E Lipschitz
continuous mappings with positive constants j, h, f b respectively, and N: £* - E be a
mapping defined by (2). Suppose that:

o I, (I —I') and € are Lipschitz continuous with positive constants 1, y, %, respectively,
e PD(g) is p-Lipschitz continuous.

If the condition (12) in Theorem (2.6) satisfy. Then there exists a unique g € = holding
problem (3),and g, — g asn — oo, {g,}is defined by Algorithm (2.5).

Theorem 2.9. Assume that @ # D c E, th: E — E be a Lipschitz continuous mapping with
@ > 0, forp = 2w, D : E — 2% is a set-valued mapping, I', €: E — E be a mappings such that
T, (T —I') and € are Lipschitz continuous with positive constants 1, v, Z, respectively. Let A CE,
U:Z — E Lipschitz continuous mappings with positive constants j, h, f, h respectively, and
N: E* - E be a mapping define by (2). If the conditions in (12) of Theorem (2.6) satisfy, then
there exists a unique g € £ holding problem (4), and g, — §, as n — o, {g,} defined by
Algorithm (2.4).

Theorem 2.10: Assume that @ # D ¢ £, h:Z — E be a Lipschitz continuous mapping with
@ > 0, forp = 2w, D : E — 2% is a set-valued mapping, I, €: £ — E be a mappings such that
r, (- F) and € are Lipschitz continuous with positive constants 1, v, 7, respectively. Let A, C, E,
U:Z — E Lipschitz continuous mappings with positive constants j, h, f, h respectively, and
N: 2% > E be a mapping define by (2). If the conditions in (12) of Theorem (2.6) satisfy, then
there exists a unique g € £ holding problem (4), and g, — §, as n — o, {g,} defined by

Algorithm (2.5).
- The proof of Theorems (2.8), (2.9) and (2.10), by the same way of Theorems (2.6) and (2.7).
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Conclusion

The effect of this work betokens that the new iterative schemes holding some
appropriate conditions has a unique solution by a technique of fixed point. Also, from these
iterative schemes gives several results when it be with errors and without errors of Lipschitz
continuous mappings and strongly monotone mapping for solving GSNIQVIP and has results of
these iterative schemes for solving special case of GSNIQVI with errors and without errors.
The solution of iterative schemes via the technique of fixed point by showing the stipulations
referred to above warranting the convergence of the manner.
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