
303 
 

Samarra J. Pure Appl. Sci., 2026; 8 (1): 303-314                                                                                             Noor S. et al. 

 
Samarra Journal of Pure and Applied Science 

www.sjpas.com 
 

p ISSN: 2663-7405 
e ISSN: 2789-6838 

Iterative algorithms for a class of implicit quasi variational 

inequalities 

Noor Saddam Taresh *, Salwa Salman Abed  
Department of Mathematics, College of Education for Pure Science Ibn Al-Haitham, University of Baghdad, 
Baghdad, Iraq 

 This work is licensed under a Creative Commons Attribution 4.0 International License 

https://doi.org/10.54153/sjpas.2026.v8i1.1055 

Article Information  Abstract 
Received: 11/10/2024 

Revised:  14/12/2025 

Accepted: 20/12/2025 

Published: 10/04/2026 

 It is known that one of the most paramount and complicated 

problems in variational inequality Theory (VIT) is the development 

of an efficacious and implementable approximation schemes for 

solving diverse categories of variational inequality. Thus, through 

this study we introduce a new iterative scheme with errors to solve 

generalized strongly nonlinear implicit quasivariational inequalities 

(GSNIQVI) by fixed point defined on for a set-valued mapping ∅ ≠ 𝔇̅ 

⊂ 𝛯, 𝔇̅ : Ξ ⟶ 2Ξ with closed convex values in Hilbert space Ξ. These 

iterative schemes are constructed for Lipschitz continuous mappings, 

Γ-strongly monotone, and ℮-strongly monotone mappings under 

some appropriate conditions. These iterative schemes is solving 

special case of GSNIQVI with errors and without errors. We proved 

an existence and uniqueness results for solution GNIQVIP and 

convergence of new iterative algorithms with errors, and without 

errors, for several mappings: the first Γ: Ξ ⟶  Ξ  is a Lipschitz 

continuous mapping, the second Â, Ĉ, Ê, Û: Ξ ⟶  Ξ are Lipschitz 

continuous mappings, the third Ň: Ξ4 ⟶ Ξ is a mapping such that               

Ň(Â, Ĉ, Ê, Û) is a strongly monotone with respect to Â in Ň1, Γ-

strongly monotone with respect to Ĉ in Ň2, ℮-strongly monotone 

with respect to Ê in Ň3 and Lipschitz continuous with respect to 

Ň1, Ň2, Ň3, Ň4and the fourth P𝔇̅(ğ) : 𝔇̅ → Ξ  is the metric projection 

which is Lipschitz continuous. Our results is inspired and encouraged 

for several research works in the literature. 
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Introduction and Preliminaries 

The well-known that variational inequality (VI) theory play a remarkable and major role 

in the etude of a fluid flow through porous media, nonlinear programming, economics and 

transportation equilibrium, physics, contact problems in elasticity, mechanics, optimization 

and control, and many another offshoots of engineering sciences and mathematical.  
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   Over many years the researchers arising a several new iterative algorithm which 

contains some known algorithm as particular status for approximation of solutions GNIQVIP 

and GNIQV inclusion problem  which include VI, QVI and variational inclusions , quasi-

variational inclusions, and also proved the convergence of them, (for example see [1-9] ). 

 Inspired and encouraged by recent research works [1], [3], [8, 9] and other reference 

in literature, we prove an existence and uniqueness theorems for solution of GNIQVIP and 

convergence of new iterative algorithms with errors and without errors, including Lipschitz 

continuous, strongly monotone mappings in Hilbert spaces. 

 

Before we recall and introduce the important preliminaries, using the following symbols: 

- Ξ ≔ real Hilbert space, 

- 𝔇̅ ≔  Set-valued mapping with nonempty closed convex values subset of Ξ, 

- Ĩ the identity mapping of Ξ. 

- ℱ(𝒦̃) ≔ The set of all fixed points of 𝒦̃.  

     - GNQVIP ≔ Ggeneralized nonlinear quasivariational inequalities problem 

     - GNIQVIP ≔ Generalized nonlinear implicit quasivariational inequalities problem  

     - Ň1≔ The first argument of Ň 

     - Ň2≔ The second argument of Ň 

     - Ň3≔ The third argument of Ň 

     - Ň4≔ The fourth argument of Ň 

In this work á, ć, é, â, ĉ, ê, û, ƀ, ǰ, ħ, ḟ, ђ, τ, γ, and ž are positive constants. 

 

    Consider space Ξ, with inner product and norm denoted by 〈. , . 〉 and ‖ . ‖, respectively, 

𝔇̅ : Ξ ⟶ 2Ξ is a set-valued mapping with nonempty closed convex values. Let Â, Ĉ, Ê, Û, Γ: Ξ ⟶

 Ξ be mapping, and ḿ: Ξ ⟶  Ξ is mapping, P𝔇̅ : 𝔇̅ → Ξ  is the metric projection which assigns, 

to each ğ ∈ Ξ, the unique point in 𝔇̅, denoted P𝔇̅ (ğ), such that 

                   ‖ğ − P𝔇̅(ğ)‖ = inf{‖ğ − ў‖: ∀ў ∈ 𝔇̅}                                                                               (1) 

Now, define collection of mappings Ň: Ξ4 → Ξ such that Ň (Â, Ĉ, Ê, Û) is: 

 • á-strongly monotone with respect to Â Ň1, with positive constant á ,                                                         

 • Γ-strongly monotone with respect to Ĉ in Ň2, with positive constant ć .                             (2) 

 • ℮-strongly monotone with respect to Ê in Ň3, with positive constant é ,                                                         

 • Lipschitz continuous with respect to Ň1, Ň2, Ň3 and  Ň4 with positive  

    constants  â, ĉ, ê, û, respectively.                                                                                                                                                                                                                         

 

We deem the next problem: Find ğ ∈ Ξ, such that Γ(ğ) ∈ 𝔇̅(ğ) 

     〈Γ(ğ) − Ň(Âğ, Ĉğ, Êğ, Ûğ), ў − Γ(ğ)〉 ≥ 0, ∀ў ∈ 𝔇̅(ğ)                                                                 (3) 

The problem (3) is called GSNIQVIP. 

Remark 1.1:  

If 𝔇̅(ğ) = ḿ(ğ) + 𝔇̅, ∅ ≠ 𝔇̅ ⊂  Ξ.  then the problem (3) is equivalent to finding ğ ∈ Ξ  

Such that Γ(ğ) − ḿ(ğ) ∈ 𝔇̅ 

               〈Γ(ğ) − Ň(Âğ, Ĉğ, Êğ, Ûğ), ў − Γ(ğ)〉 ≥ 0, ∀ў ∈ ḿ(ğ) + 𝔇̅                                           (4) 

is called GNQVIP. 

 

Assume that 𝔇̅ closed and convex and ∅ ≠ 𝔇̅ ⊆ 𝛯. A mapping : 𝔇̅ → Ξ is said to be  
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i. Strongly monotone [10, 11] if there exists a constant 𝜏 > 0 which in 

                 〈𝒦̃ğ − 𝒦̃𝓉, ğ −   ў〉 ≥  𝜏 ‖ğ −   ў‖2, ∀ ğ, ў ∈ 𝔇,   

ii. Monotone [11] if  

                       〈𝒦̃ğ − 𝒦̃𝓉, ğ −   ў〉 ≥ 0 , ∀  ğ, ў ∈ 𝔇, 

iii. Lipschitz continuous [12] if there exists a constant η > 0 which in 

                       ‖𝒦̃ğ − 𝒦̃𝓉‖ ≤ η ‖ğ − ў‖, ∀ ğ, ў ∈ 𝔇̅.  

 

In the following, recall the needed lemmas:  

Lemma 1.2.  [13] Let {ℸ𝑛}, {𝜀𝑛} and {ℴ𝑛} be sequences of nonnegative real numbers such that  

ℸ𝑛+1 ≤ (1 − Δ𝑛)ℸ𝑛 + 𝜀𝑛 + ℴ𝑛,  𝑛 ≥ 0. 

where {Δ𝑛} ∈ [0, 1], ∑ Δ𝑛
∞
𝑛=0  = ∞,  , 𝜀𝑛 = O(Δ𝑛), ∑ ℴ𝑛

∞
𝑛=1  < ∞. 

Then, lim
𝑛→∞

ℸ𝑛 = 0. 

 

Lemma 1.3. [14] If ğ ∈  Ξ and ў ∈ 𝔇̅, then ğ = 𝑃𝔇̅(ў) if and only if the next inequality satisfies:  

〈ğ − ў, 𝓉# − ğ〉 ≥ 0,   ∀ 𝓉#  ∈ 𝔇̅ . 

 

Lemma 1.4. [15] The mapping 𝑃𝔇̅ defined by (1) is non-expansive, i.e  

    ‖𝑃𝔇̅(ğ) − 𝑃𝔇̅ (ў)‖ ≤  ‖ğ − ў‖, ∀ ğ, ў ∈ 𝔇̅.           

 

Lemma 1.5.  [15] If 𝔇̅(ğ) = ḿ(ğ) +  𝔇̅, then  ∀ ğ, ў ∈ Ξ, we yield  

𝑃𝔇̅(ğ)(ў) =  ḿ(ğ) + 𝑃𝔇̅(ў − ḿ(ğ)) 

        

If there exists a point ğ ∈ 𝔇̅ such that ğ = 𝒦̃ğ , then ğ is called be fixed point of 𝒦̃. It is 

well famous that ℱ(𝒦̃) is closed and convex if 𝒦 is nonexpansive. There are many Authors 

studied a fixed point as [16-19] , also many applications and related papers for this field such 

as [20-23].   

 

From Lemma (1.3) and (1.5), it is well-known that the QNIVIP in (2) has a unique 

solution if and only if the mapping Õ: Ξ ⟶  Ξ  

     Õ(ğ) = ğ − Γ(ğ) + 𝑃𝔇̅(ğ) [Γ(ğ) − ƀ (Γ(ğ) − Ň(Âğ, Ĉğ, Êğ, Ûğ))]                                 (5) 

has a unique fixed point, ƀ > 0. 

 

 

                                              

2. Main Results  

      Important new definitions and proposition are presented below: 

Definition 2.1: Suppose that  𝔇̅ : Ξ ⟶ 2Ξ is a set-valued mapping s.t ∀ ğ ∈ Ξ,  ∅ ≠ 𝔇̅ ⊆ 𝛯 is 

closed convex. The projection P𝔇̅(ğ) is ṕ-Lipschitz continuous, if ∃ ṕ such that 

 
‖P𝔇̅(ğ)(ŝ) − P𝔇̅(ў)(ŝ)‖ ≤ ṕ‖ğ − ў‖, ∀ğ, ў, ž ∈ Ξ. 

 
Definition 2.2:  Suppose that Â: Ξ ⟶  Ξ  and Ň: Ξ4 → Ξ  be mappings.  

The mapping Ň is called: 
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• Strongly monotone with respect to Â in Ň1, if ∃ á > 0 such that 

〈Ň(Âğ, . , . , . ) − Ň( Âў, . , . , . ), ğ −  ў 〉 ≥ á‖ğ − ў‖2  ∀ğ, ў  ∈ Ξ . 

 

• Lipschitz continuous with respect to Ň1if ∃ â > 0 such that 

‖Ň(ğ, . , . , . ) − Ň( ў, . , . , . )‖ ≤ â‖ğ − ў‖,  ∀ğ, ў, ∈ Ξ. 

By the same way, we can define strongly monotone and Lipschitz continuity of Ň with respect 
to Ň2, Ň3, and Ň4 

• Â is Lipschitz continuous if ∃ ǰ > 0  such that 

‖Âğ − Â ў ‖ ≤ ǰ‖ğ −  ў‖,  ∀ğ, ў, ∈ Ξ 

Definition 2.3. Assume that Ĉ, Ê, Γ, ℮: Ξ ⟶  Ξ be mappings. The mapping Ň: Ξ4 → Ξ is called: 

• Γ-strongly monotone with respect to Ň2, if   

〈Ň( . , Ĉğ , . , . ) − Ň( . , Ĉў , . , . ), Γ(ğ) −  Γ(ў)〉 ≥ ć  ‖ Γ(ğ) −  Γ(ў)‖2   ∀ğ, ў ∈ Ξ, ć > 0 

• ℮-strongly monotone with respect to Ň3, if  

〈Ň( . , . , Êğ, . ) − Ň( . , . , Êў, . ), Γ(ğ) −  Γ(ў)〉 ≥ é  ‖ ℮(ğ) −  ℮(ў)‖2   ∀ğ, ў ∈ Ξ, é > 0 

Algorithm 2.4.  Assume that ∅ ≠ 𝔇̅ ⊂ 𝛯, 𝔇̅ : Ξ ⟶ 2Ξ is a closed convex set-valued mapping, 
Let Â, Ĉ, Ê, Û, Γ: Ξ ⟶  Ξ be mappings, Ň: Ξ4 → Ξ be a mapping defined by (2), and  𝑃𝔇̅(ğ) is       
ṕ-Lipschitz continuous mapping. For arbitrary ğ0 ∈ 𝔇̅, define a sequence {ğ𝑛}  with errors as 
follows:  

ğ𝑛+1 = ў𝑛 − Γ(ў𝑛) + 𝑃𝔇̅(ў𝑛) [Γ(ў𝑛) − ƀ (Γ(ў𝑛) − Ň(Âў𝑛, Ĉў𝑛, Êў𝑛, Ûў𝑛))] + η𝑛ú𝑛, 

ў𝑛 = ἀ𝑛 {ğ𝑛 − Γ(ğ𝑛) + 𝑃𝔇̅(ğ𝑛) [Γ(ğ𝑛) − ƀ (Γ(ğ𝑛) − Ň(Âğ𝑛, Ĉğ𝑛, Êğ𝑛, Ûğ𝑛))]}                          

+ἐ𝑛 {𝓉𝑛 − Γ(𝓉𝑛) + 𝑃𝔇̅(𝓉𝑛) [Γ(𝓉𝑛) − ƀ (Γ(𝓉𝑛) − Ň(Â𝓉𝑛 , Ĉ𝓉𝑛, Ê𝓉𝑛, Û𝓉𝑛))]} + ἠ𝑛𝑣́𝑛, 

𝓉𝑛 = ἄ𝑛ğ𝑛 + ἔ𝑛 {ğ𝑛 − Γ(ğ𝑛) + 𝑃𝔇̅(ğ𝑛) [Γ(ğ𝑛) − ƀ (Γ(ğ𝑛) − Ň(Âğ𝑛, Ĉğ𝑛, Êğ𝑛, Ûğ𝑛))]}                                                                                                                          

+ ἤ𝑛ẃ𝑛, 𝑛 ≥ 0.                                                                                                                                       (6) 

 

where {ú𝑛}, {𝑣́𝑛}, {ẃ𝑛} be bounded sequences in Ξ, and  {η𝑛}, {ἀ𝑛}, {ἐ𝑛}, {ἠ𝑛}, {ἄ𝑛}, {ἔ𝑛}, {ἤ𝑛} are 
sequences in [0, 1] holding the next conditions:  

- ἀ𝑛 + ἐ𝑛 + ἠ𝑛 = 1, ἄ𝑛 + ἔ𝑛 + ἤ𝑛 = 1, 𝑛 ≥ 0,                                                                               (7)                                                                            

- lim
𝑛→∞

η𝑛 = lim
𝑛→∞

ἠ𝑛 = lim
𝑛→∞

ἤ𝑛 = 0,  ∑ ἐ𝑛 = ∞;∞
𝑛=1 ∑ η𝑛 < ∞;∞

𝑛=1  and  ∑ ἠ𝑛 < ∞.∞
𝑛=1          (8)                           
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Algorithm 2.5:  Assume that ∅ ≠ 𝔇̅ ⊂ 𝛯, 𝔇̅ : Ξ ⟶ 2Ξ is a closed convex set-valued mapping, 
Let Â, Ĉ, Ê, Û, Γ: Ξ ⟶  Ξ be mappings, Ň: Ξ4 → Ξ be a mapping defined by (2), and  𝑃𝔇̅(ğ) is ṕ-
Lipschitz continuous mapping. For arbitrary ğ0 ∈ 𝔇̅, define a sequence {ğ𝑛}  as follows:  

ğ𝑛+1 = ў𝑛 − Γ(ў𝑛) + 𝑃𝔇̅(ў𝑛) [Γ(ў𝑛) − ƀ (Γ(ў𝑛) − Ň(Âў𝑛, Ĉў𝑛, Êў𝑛, Ûў𝑛))], 

ў𝑛 = ἀ𝑛 {ğ𝑛 − Γ(ğ𝑛) + 𝑃𝔇̅(ğ𝑛) [Γ(ğ𝑛) − ƀ (Γ(ğ𝑛) − Ň(Âğ𝑛, Ĉğ𝑛, Êğ𝑛, Ûğ𝑛))]}                         

+ἐ𝑛 {𝓉𝑛 − Γ(𝓉𝑛) + 𝑃𝔇̅(𝓉𝑛) [Γ(𝓉𝑛) − ƀ (Γ(𝓉𝑛) − Ň(Â𝓉𝑛 , Ĉ𝓉𝑛, Ê𝓉𝑛, Û𝓉𝑛))]}, 

𝓉𝑛 = ἄ𝑛ğ𝑛 + ἔ𝑛 {ğ𝑛 − Γ(ğ𝑛) + 𝑃𝔇̅(ğ𝑛) [Γ(ğ𝑛) − ƀ (Γ(ğ𝑛) − Ň(Âğ𝑛, Ĉğ𝑛, Êğ𝑛, Ûğ𝑛))]},     (9) 

 

Assume that {ἀ𝑛}, {ἐ𝑛}, {ἄ𝑛}, {ἔ𝑛} are sequences in [0, 1] holding the next conditions: 

- ἀ𝑛 + ἐ𝑛 = 1, ἄ𝑛 + ἔ𝑛 = 1, 𝑛 ≥ 0,                                                                                                   (10) 

- 𝑙𝑖𝑚
𝑛→∞

ἀ𝑛 = 𝑙𝑖𝑚
𝑛→∞

ἄ𝑛 = 0,  ∑ ἐn = ∞.∞
n=1                                                                                              (11) 

Now, important main results are presented: 

Theorem 2.6. Assume that Ξ be real Hilbert space, 𝔇̅ : Ξ ⟶ 2Ξ is a set-valued mapping with 
nonempty closed convex values, Γ, ℮: Ξ ⟶  Ξ  be a mappings. Let Â, Ĉ, Ê, Û: Ξ ⟶  Ξ Lipschitz 
continuous mappings with constants ǰ, ħ, ḟ, ђ respectively, and Ň: Ξ4 ⟶ Ξ be a mapping 
defined by (2). Suppose that:  

 • Γ, (Ĩ − Γ) and ℮ are Lipschitz continuous with τ, γ, ž > 0 , respectively,  

 • P𝔇̅(ğ) is ṕ-Lipschitz continuous.  

If the next conditions satisfy: 

|ƀ −
ẽđ − á − đ

â2ǰ2 − đ2
| <

√(4ẽ − á − đ)2 − (â2ǰ2 − đ2)ẽ(2 − ẽ)

â2ǰ2 − đ2
 

ẽđ > á + đ + √(âǰ − đ)(âǰ + đ)é(2 − ẽ),   ẽđ > á + đ,  âǰ > đ                

which in ẽ = 2 γ + ṕ + ž, đ = ῤ + ûђ, and 𝜗 = ẽ + √1 + 2ƀá + ƀ2â2ǰ2+ƀđ < 1      (12) 

Then there exists a unique ğ ∈ Ξ holding GSNIQVIP (1). .  

Proof:  It is enough to show that the mapping in (5) has a unique fixed point in Ξ.  

Let ğ, ў ∈ Ξ, by Lemma (1.4) and Lipschitz continuity of 𝑃𝔇̅(ğ) and (Ĩ − Γ), we yield 
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‖Õ(ğ) − Õ(ў)‖

= ‖ğ − Γ(ğ) + 𝑃𝔇̅(ğ) [Γ(ğ) − ƀ (Γ(ğ) − Ň(Âğ, Ĉğ, Êğ, Ûğ))] − ў + Γ(ў)

− 𝑃𝔇̅(ў) [Γ(ў) − ƀ (Γ(ў) − Ň(Âў, Ĉў, Êў, Ûў))]‖ 

≤ ‖ğ − Γ(ğ) − (ў − Γ(ў))‖ + ṕ‖ğ − ў‖

+ ‖𝑃𝔇̅(ў) [Γ(ğ) − ƀ (Γ(ğ) − Ň(Âğ, Ĉğ, Êğ, Ûğ))]

− 𝑃𝔇̅(ў) [Γ(ў) − ƀ (Γ(ў) − Ň(Âў, Ĉў, Êў, Ûў))]‖ 

≤ 2‖ğ − Γ(ğ) − (ў − Γ(ў))‖ + ṕ‖ğ − ў‖ + ž‖ğ − ў‖

+ ‖(ğ − ў) + ƀ (Ň(Âğ, Ĉğ, Êğ, Ûğ) − Ň(Âў, Ĉğ, Êğ, Ûğ))‖

+ ƀ ‖Γ(ğ) − Γ(ў) − (Ň(Âў, Ĉğ, Êğ, Ûğ) − Ň(Âў, Ĉў, Êğ, Ûğ))‖

+ ƀ ‖℮(ğ) − ℮(ў) − (Ň(Âў, Ĉў, Êў, Ûğ) − Ň(Âў, Ĉў, Êğ, Ûğ))‖

+ ƀ‖Ň(Âў, Ĉў, Êў, Ûğ) − Ň(Âў, Ĉў, Êў, Ûў)‖ 

≤ (2 γ + ṕ + ž)‖ğ − ў‖ + ‖(ğ − ў) + ƀ (Ň(Âğ, Ĉğ, Êğ, Ûğ) − Ň(Âў, Ĉğ, Êğ, Ûğ))‖ + ƀ ‖Γ(ğ) −

Γ(ў) − (Ň(Âў, Ĉğ, Êğ, Ûğ) − Ň(Âў, Ĉў, Êğ, Ûğ))‖ + ƀ ‖℮(ğ) − ℮(ў) − (Ň(Âў, Ĉў, Êў, Ûğ) −

Ň(Âў, Ĉў, Êğ, Ûğ))‖ + ƀ‖Ň(Âў, Ĉў, Êў, Ûğ) − Ň(Âў, Ĉў, Êў, Ûў)‖                                    (13) 

By, Ň is á-strongly monotone with respect to Â in Ň1, Lipschitz continuous with respect to Ň1, 
and Â is Lipschitz continuous mapping, we get 

‖(ğ − ў) + ƀ (Ň(Âğ, Ĉğ, Êğ, Ûğ) − Ň(Âў, Ĉğ, Êğ, Ûğ))‖  

≤ ‖ğ − ў‖2 + 2ƀá‖ğ − ў‖2 + ƀ2â2‖Âğ − Âў‖
2

 

≤ (1 + 2ƀá+ƀ2â2ǰ2) ‖ğ − ў‖2                                                                                                       (14) 

Since Ň is Γ -strongly monotone with respect to Ĉ in Ň2, Lipschitz continuous with respect to 
Ň2, and Ĉ is Lipschitz continuous, we yield 

‖Γ(ğ) − Γ(ў) − (Ň(Âў, Ĉğ, Êğ, Ûğ) − Ň(Âў, Ĉў, Êğ, Ûğ))‖
2

  

≤ τ‖ğ − ў‖2 − 2ć‖Γ(ğ) − Γ(ў)‖2 + ĉ2‖Ĉğ −  Ĉў‖
2

 

           ≤ (τ2(1 − 2ć) + ĉ2ħ2)‖ğ − ў‖2                                                                                    (15) 

‖℮(ğ) − ℮(ў) − (Ň(Âў, Ĉў, Êў, Ûğ) − Ň(Âў, Ĉў, Êğ, Ûğ))‖
2

  



309 
 

≤ ž2‖ğ − ў‖2 − 2ẽ‖℮(ğ) − ℮(ў)‖2 + ẽ2‖Êğ − Êў‖
2

  

≤ (ž2(1 − 2ẽ) + ẽ2ḟ2)‖ğ − ў‖2                                                                                                   (16) 

‖Ň(Âў, Ĉў, Êў, Ûğ) − Ň(Âў, Ĉў, Êў, Ûў)‖ ≤ ûђ‖ğ − ў‖                                                        (17) 

From (14), (15), (16), (17)       

‖Õ(ğ) − Õ(ў)‖ ≤ 𝜗‖ğ − ў‖, ∀ğ, ў ∈ Ξ                                                                                 (18) 

𝜗 = ẽ + √1 + 2ƀá + ƀ2â2ǰ2+ƀđ,  

ẽ = 2 γ + ṕ + ž, ῤ = √τ2(1 − 2ć) + ĉ2ħ2 + √ž2(1 − 2ẽ) + ẽ2ḟ2, đ = ῤ + ûђ  

By (12) we know   0 < 𝜗 < 1, thus ∃  unique fixed point ğ ∈ Ξ of Õ, s.t  ğ is a unique solution of 
GNIQVIP (3).  

Theorem 2.7. Assume that the hypotheses of Theorem (2.6) hold. Then ğ𝑛 ⟶ ğ, as 𝑛 → ∞,
{ğ𝑛} defined by Algorithm (2.4). 

Proof. From (6), (18), and ğ ∈ Õ, we yield 

‖ğ𝑛+1 − ğ‖ = 

‖[ў𝑛 − Γ(ў𝑛) + 𝑃𝔇̅(ў𝑛) [Γ(ў𝑛) − ƀ (Γ(ў𝑛) − Ň(Âў𝑛, Ĉў𝑛, Êў𝑛, Ûў𝑛))] + η𝑛ú𝑛] − ğ‖  

  = ‖[ў𝑛 − Γ(ў𝑛) + 𝑃𝔇̅(ў𝑛) [Γ(ў𝑛) − ƀ (Γ(ў𝑛) − Ň(Âў𝑛, Ĉў𝑛, Êў𝑛, Ûў𝑛))] + η𝑛ú𝑛]  −

                              [ğ − Γ(ğ) + 𝑃𝔇̅(ğ𝑛) [Γ(ğ) − ƀ (Γ(ğ) − Ň(Âğ, Ĉğ, Êğ, Ûğ))] + η𝑛ğ]‖ 

≤ ‖Õ(ў𝑛) − Õ(ğ)‖ + η𝑛‖ú𝑛 − ğ‖ 

≤ 𝜗‖ў𝑛 − ğ‖ + η𝑛‖ú𝑛 − ğ‖                                                                                                          (19) 

By, the same way, we get 

‖ў𝑛 − ğ‖ = ‖[ἀ𝑛 {ğ𝑛 − Γ(ğ𝑛) + 𝑃𝔇̅(ğ𝑛) [Γ(ğ𝑛) − ƀ (Γ(ğ𝑛) − Ň(Âğ𝑛, Ĉğ𝑛, Êğ𝑛, Ûğ𝑛))]} +

            ἐ𝑛 {𝓉𝑛 − Γ(𝓉𝑛) + 𝑃𝔇̅(𝓉𝑛) [Γ(𝓉𝑛) − ƀ (Γ(𝓉𝑛) − Ň(Â𝓉𝑛, Ĉ𝓉𝑛, Ê𝓉𝑛, Û𝓉𝑛))]} + ἠ𝑛𝑣́𝑛] − ğ‖  

= ‖ἀ𝑛 {ğ𝑛 − Γ(ğ𝑛) + 𝑃𝔇̅(ğ𝑛) [Γ(ğ𝑛) − ƀ (Γ(ğ𝑛) − Ň(Âğ𝑛, Ĉğ𝑛, Êğ𝑛, Ûğ𝑛))]}

− ἀ𝑛 {ğ − Γ(ğ) + 𝑃𝔇̅(ğ) [Γ(ğ) − ƀ (Γ(ğ) − Ň(Âğ, Ĉğ, Êğ, Ûğ))]}

+ ἐ𝑛 {𝓉𝑛 − Γ(𝓉𝑛) + 𝑃𝔇̅(𝓉𝑛) [Γ(𝓉𝑛) − ƀ (Γ(𝓉𝑛) − Ň(Â𝓉𝑛, Ĉ𝓉𝑛, Ê𝓉𝑛, Û𝓉𝑛))]}

− ἐ𝑛 {ğ − Γ(ğ) + 𝑃𝔇̅(ğ) [Γ(ğ) − ƀ (Γ(ğ) − Ň(Âğ, Ĉğ, Êğ, Ûğ))]} + ἠ𝑛[𝑣́𝑛 − ğ]‖ 

            ≤ ἀ𝑛‖Õ(ğ𝑛) − Õ(ğ)‖ + ἐ𝑛‖Õ(𝓉𝑛) − Õ(ğ)‖ + ἠ𝑛‖𝑣́𝑛 − ğ‖  

             ≤ ἀ𝑛𝜗‖ğ𝑛 − ğ‖ + ἐ𝑛𝜗‖𝓉𝑛 − ğ‖ + ἠ𝑛‖𝑣́𝑛 − ğ‖                                                               (20) 
Also,  



310 
 

‖𝓉𝑛 − ğ‖ ≤ ἄ𝑛‖ğ𝑛 − ğ‖ + ἔ𝑛𝜗‖ğ𝑛 − ğ‖ + ἤ𝑛‖ẃ𝑛 − ğ‖                                                           (21) 

Let Ý = 𝑚𝑎𝑥{𝑠𝑢𝑝𝑛‖ú𝑛 − ğ‖, 𝑠𝑢𝑝𝑛‖𝑣́𝑛 − ğ‖, 𝑠𝑢𝑝𝑛‖ẃ𝑛 − ğ‖, 𝑛 ≥ 0  }                                   (22) 

Then, Ý < ∞, and by applying Lemma (1.2) get the next: 

‖𝓉𝑛 − ğ‖ ≤ ἄ𝑛‖ğ𝑛 − ğ‖ + ἔ𝑛𝜗‖ğ𝑛 − ğ‖ + ἤ𝑛Ý  

‖ў𝑛 − ğ‖ ≤ ἀ𝑛𝜗‖ğ𝑛 − ğ‖ + ἐ𝑛𝜗ἄ𝑛‖ğ𝑛 − ğ‖ + ἔ𝑛ἐ𝑛𝜗2‖ğ𝑛 − ğ‖ + ἐ𝑛𝜗ἤ𝑛Ý + ἠ𝑛Ý  

‖ğ𝑛+1 − ğ‖ ≤ ἀ𝑛𝜗2‖ğ𝑛 − ğ‖ + ἐ𝑛𝜗2ἄ𝑛‖ğ𝑛 − ğ‖ + ἔ𝑛ἐ𝑛𝜗3‖ğ𝑛 − ğ‖ + ἐ𝑛𝜗2ἤ𝑛Ý                  

                     +ἠ𝑛𝜗Ý + η𝑛Ý         

≤ [ἀ𝑛𝜗2 + 𝜗ἐ𝑛(ἄ𝑛𝜗 + ἔ𝑛𝜗2)]‖ğ𝑛 − ğ‖ + ἐ𝑛𝜗2ἤ𝑛Ý + (ἠ𝑛𝜗 + η𝑛)Ý 

≤ [1 − ἐ𝑛 + 𝜗ἐ𝑛]‖ğ𝑛 − ğ‖ + ἐ𝑛ἤ𝑛Ý + (ἠ𝑛 + η𝑛)Ý         

 ≤ [1 − (1 − 𝜗)ἐ𝑛]‖ğ𝑛 − ğ‖ + ἐ𝑛ἤ𝑛Ý + (ἠ𝑛 + η𝑛)Ý  

Let Δ𝑛 = (1 − 𝜗)ἐ𝑛, ℸ𝑛 = ‖ğ𝑛 − ğ‖, 𝜀𝑛 = ἐ𝑛ἤ𝑛Ý , and  ℴ𝑛 = (ἠ𝑛 + η𝑛)Ý. 
Then, from conditions of Theorem (2.6), we get ∑ Δ𝑛

∞
𝑛=1  = ∞, ∑ ℴ𝑛

∞
𝑛=1  < ∞, and lim

𝑛→∞
𝜀𝑛 = 0.  

 Thus, ğ𝑛 ⟶ ğ, as 𝑛 → ∞. 

Theorem 2.8. Assume that Ξ be real Hilbert space, 𝔇̅ : Ξ ⟶ 2Ξ is a set-valued mapping with 
nonempty closed convex values, Γ, ℮: Ξ ⟶  Ξ  be a mappings. Let Â, Ĉ, Ê, Û: Ξ ⟶  Ξ Lipschitz 
continuous mappings with positive constants ǰ, ħ, ḟ, ђ respectively, and Ň:  Ξ4 → Ξ be a 
mapping defined by (2). Suppose that:  

 • Γ, (Ĩ − Γ) and ℮ are Lipschitz continuous with positive constants τ, γ, ž, respectively,  

 • P𝔇̅(ğ) is ṕ-Lipschitz continuous.  

If the condition (12) in Theorem (2.6) satisfy. Then there exists a unique ğ ∈ Ξ holding 
problem (3), and ğ𝑛 ⟶ ğ, as 𝑛 → ∞, {ğ𝑛} is defined by Algorithm (2.5). 

Theorem 2.9.  Assume that  ∅ ≠ 𝔇̅ ⊂  Ξ , ḿ: Ξ ⟶  Ξ be a Lipschitz continuous mapping with                       
𝜛 > 0, for ṕ = 2𝜛, 𝔇̅ : Ξ ⟶ 2Ξ is a set-valued mapping, Γ, ℮: Ξ ⟶  Ξ  be a mappings such that 
Γ, (Ĩ − Γ) and ℮ are Lipschitz continuous with positive constants τ, γ, ž, respectively. Let Â, Ĉ, Ê, 
Û: Ξ ⟶  Ξ Lipschitz continuous mappings with positive constants ǰ, ħ, ḟ, ђ respectively, and 
Ň:  Ξ4 → Ξ be a mapping define by (2). If the conditions in (12) of Theorem (2.6) satisfy, then 
there exists a unique ğ ∈ Ξ holding problem (4), and ğ𝑛 ⟶ ğ, as 𝑛 → ∞, {ğ𝑛} defined by 
Algorithm (2.4). 

Theorem 2.10: Assume that ∅ ≠ 𝔇̅ ⊂  Ξ , ḿ: Ξ ⟶  Ξ be a Lipschitz continuous mapping with 
𝜛 > 0, for ṕ = 2𝜛, 𝔇̅ : Ξ ⟶ 2Ξ is a set-valued mapping, Γ, ℮: Ξ ⟶  Ξ  be a mappings such that 
Γ, (Ĩ − Γ) and ℮ are Lipschitz continuous with positive constants τ, γ, ž, respectively. Let Â, Ĉ, Ê, 
Û: Ξ ⟶  Ξ Lipschitz continuous mappings with positive constants ǰ, ħ, ḟ, ђ respectively, and 
Ň: Ξ4 → Ξ be a mapping define by (2). If the conditions in (12) of Theorem (2.6) satisfy, then 
there exists a unique ğ ∈ Ξ holding problem (4), and ğ𝑛 ⟶ ğ, as 𝑛 → ∞, {ğ𝑛} defined by 
Algorithm (2.5). 

- The proof of Theorems (2.8), (2.9) and (2.10), by the same way of Theorems (2.6) and (2.7).  
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Conclusion  

The effect of this work betokens that the new iterative schemes holding some 
appropriate conditions has a unique solution by a technique of fixed point. Also, from these 
iterative schemes gives several results when it be with errors and without errors of Lipschitz 
continuous mappings and strongly monotone mapping for solving GSNIQVIP and has results of 
these iterative schemes for solving special case of GSNIQVI with errors and without errors. 
The solution of iterative schemes via the technique of fixed point by showing the stipulations 
referred to above warranting the convergence of the manner. 
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 لفئة من المتراجحات شبه التغاير الضمنية  الخوارزميات التكرارية
   سلوى سلمان عبد*،  نور صدام طارش

                                                             ، العراققسم الرياضيات، كلية التربية للعلوم الصرفة ابن الهيثم، جامعة بغداد، بغداد 

 معلومات البحث:   الخلاصة: 
التغاير    متراجحة  نظرية  في  وتعقيداً  أهمية  الأكثر  المسائل  إحدى  أن  المعروف  من 

(VIT  من متنوعة  فئات  لحل  للتنفيذ  وقابلة  فعالة  تقريبية  مخططات  تطوير  هي   )

التغاير. وبالتالي، من خلال هذه الدراسة، نقدم مخططات تكرارية جديدة بها متراجحة  

(  GSNIQVIأخطاء لحل متراجحات شبه التغاير الضمنية غير الخطية المعممة بقوة )

القيمة    ثابتة معرفة لتطبيق مجموعة  ∅بواسطة نقطة  ≠ 𝔇̅ ⊂ 𝛯, 𝔇̅ : Ξ ⟶ 2Ξ 

هلبرت   فضاء  في  مغلقة  محدبة  قيم  التكرارية  Ξمع  المخططات  هذه  تصميم  تم   .

الرتيبة بقوة في ظل بعض  -الرتيبة بقوة، والتطبيقات ℮  -  Γلتطبيقات لبشز المستمرة،  

من   خاصة  حالة  حل  على  التكرارية  المخططات  هذه  تعمل  المناسبة.  الظروف 

GSNIQVI    لحل وحيدة  نتائج  وجود  أثبتنا  لقد  أخطاء.  وبدون  أخطاء  وجود  مع 

GNIQVIP  وبدون  وتقا أخطاء،  وجود  مع  الجديدة  التكرارية  الخوارزميات  رب 

 ,Â, Ĉلتطبيق لبشز المستمر، والثاني    Γ: Ξ⟶ Ξأخطاء، لعدة تطبيقات: الأول هو   
Ê, Û: Ξ ⟶  Ξ    والثالث المستمرة،  لبشز  تطبيقات  عن  :Ň عبارة  Ξ4 ⟶ Ξ   هو

يتعلق بـ   رتيب بقوة فيما  -Ň1    ،Γفي    Âتطبيق بحيث يكون رتيب بقوة فيما يتعلق بـ  

Ĉ    فيŇ2  ℮ ،-    بـ يتعلق  فيما  بقوة  بـ   Ň31في    Êرتيب  يتعلق  فيما  لبشز  ومستمر 

Ň1  ،Ň2  ،Ň3  ،Ň4    والرابعP𝔇̅(ğ) : 𝔇̅ → Ξ     هو الإسقاط المتري وهو مستمر

 لبشز. تم إستيحاء نتائجنا وتشجيعها للعديد من الأعمال البحثية في المصادر.
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