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Introduction

Throughout this paper, all rings are commutative rings with identity, and all modules are
(left) unitaryR-module. Aproper submodule X of an R-module U is prime submodule, if for
any ru € X, for r € R, and u € U, implies that either u € X or rU € X. This concept was first
introduced by Dauns in 1978 [4]. One of generalization of this concept was studied as nearly
prime, where aproper submodule X of an R-module U is nearlyprime submodule, if for
any ru € X, forr € R, and u € U, implies that eitheru € X + J(U ) orr € [X + J(U):g U] where
J(U) is the Jacobsen radical of U defined by the intersection of each maximal submodules of U
[9]. In (2019) another generalization of prime submodule introduced was approximaitly
prime submodule, where a proper submodule X of an R-module U is called an approximaitly
prime submodule of U if for anyru € X, for r € R, and u € U, implies that either u € X +
soc(U) or r € [X + soc(U):g U] where soc(U) is defined to be the intersection of each
essential submodule of U [1]. In this research we introduce and study a new generalization
called almost approximaitly nearlyprime submodules, where aproper submodule X of an R-
module U is almost approximaitly nearlyprim submodule, if for any ru € X, forr e R, u € U,
impales that either u € X + (soc(U) +J(U)) orrU S X + (soc(U) + J(U)).

Now, we recalled some concepts that we will be using in this paper. A subset S for ring R is
multiplicatively closed subset of R if ab € S for any a,b € S and 1 € S. And if X is submodule
of an R-module U and S is a multiplicatively closed subset of R, then X(S) = {x € U:3t €
S such that tx € X} is submodule of U and X € X(S) [8]. An R-module U is semi-simple if and
only if soc(U) = U [2]. U is injective if for each monomorphism f from R-module A to R-

module B and for each R-homomorphism g from A to R-module U there exists an R-
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homomorphism h from B to W such that he f = g[2]. An element x € U is called torsion
element of U if anni (x) # 0. The set of all torsion elements of U, which is denoted by 7(U) is a
submodule of U. If t(U) = 0, then R-module U is said to be torsion free [5]. A submodule X of
anR-module U is small if X + Y = U then X = U for any proper submodule Yof U [6].

Almost Approximaitly NearlyPrime Submodules:

Definition(2.1): A proper submodule X of an R-module U is called almost approximaitly
nearlyprime (simply Alappn-prime) submodule, if for any ru € X, for r € R, u € U, impales that
either u € X + (soc(U) +J(U)) orrU < X + (soc(U) + J(U)).

And an idael J of aring R is called Alappn-prime ideal of R if J is Alappn-prime R-submodule of
an R-module R.

Remarks and examples(2.2)

1. Let U = Z,,,R = Z, the submodule X = (4) is Alappn-prime submodule in Z,,. Thus for all
r€Z, u€lZ;,, Iif rueX impales that eitherrue X + (soc(Z72) +](Z72)) = (4) +
({(12) +(6)) = (2) or r€[X + (soc(Z72) +](Z72))iz Z72) = [(2):7 Z7,] = 2Z. That is if
2.2=4€X, for 2€ Z, 2 € Z,,, impales that 2 € X + (soc(Z,) +J(Z72)) = (2) and 2 €
[X + (soc(Z72) + ](Z72)):z Z72] = 2Z.

2. ltis clear that every prime submodule of U is Alappn-prime submodule, The converse is false as
in example:

Let U = Z,,,R = Z, the submodule X = (4) is Alappn-prime submodule in Z,,[see (1)]. But
X isnot prime submodule of Z,,, because 2.2 € X, but 2 ¢ X and 2 & [X:Z,,] = 4Z.

3. It is clear that every approximaitly prime submodule of U is Alappn-prime submodule, The
converse is false as in example:

Let U =2Z,,,R =2, and the submodule X = (4) is Alappn-prime submodule of the Z-
module Z,,[see (1)]. But X is not approximaitly prime submodule of Z,,, because 2.2 € X, but
2¢ X +soc(Z,,) =(4)+(12) =(4) and 2 & [X + soc(Z,3):7 Z55] = [(4):5 Z,,] = 4Z.

4. 1t is clear that every nearly prime submodule of U is Alappn-prime submodule, The converse is
false as in example:

Let U = Z,,,R = Z, and the submodule X = (6) is Alappn-prime submodule in Z;,. Thus
for each r € Z, u € Zy,, if ru € X, impales that either u € X + (soc(Z15) + J(Z15)) = (6) +
((2)+(6)) = 2y or 7 € [X + (s0c(Z13) + J(Z12)):z Z12]| = [(2):7 Z1,] = 2Z. Thatis if 3.2 €
X, for 3 € Z, 2 € Zy,, imples that 2 € X + (soc(Zy3) +J(Z12)) = (2). But X is not nearly
prime submodule in Z;,, because 3.2 € X, but 2 & X +J(Z;,) = (6) + (6) = (6) and 3 ¢
[X +J(Z12):7 Z12]_= [(6):7Z1,] = 6Z. o

5. The submodule (6) of the Z-module Z-, is not Alappn-prime submodule, because 2.3 € (6),
for 2€Z, 3€Z,, but 3 &(6)+ (soc(Zs,) +J(Z75)) =(6) + ((12) + (6)) = (6) and 2 ¢
[<6> + (SOC(Z72) +](Z72))5z Z] = [(6):, Z] = 6Z.

6. If X is Alappn-prime submodule of U, then [X:gz U] isnot Alappn-prime ideal of R. The
following example explain that:

Let U = Z,, ,R = Z, the submodule X = (4). X is Alappn-prime submodule in Z,, [see(1)].
But [X:; Z,,]=[(4):5 Z;,] = 4Z is not Alappn-prime ideal in Z because 2.2 € 4Z for 2,2 € Z
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but 2¢4Z+ (soc(Z)+]J(Z))=4Z+(0)=4Z and 2 ¢[4Z+ (soc(Z)+](Z)):zZ] =
[4Z:, 7] = 4Z.

7. If X and Y are proper submodules of an R-module U with Y € X, and X is Alappn-prime
submodule of U, thenY is not Alappn-prime submodule of U. The follawing example explain
that:

Let U = Z,, ,R = Z, the submodule X = (2) is Alappn-prime submodule of Z,,(since it is
prime) and Y = (6) is submodule of Z,, such that Y € X, but Y is not Alappn-prime submodule
of Z,, see(5).

Proposition(2.3). Let U is an R-module, and X is submodule of U. Then X is Alappn-prime
submodule of U if and only if for any submodule Y of U and any idael I of R with IY € X, impales
that either Y € X + (soc(U) + J(U)) or I < [X + (soc(U) + J(U)):x U].

Proof: (=) Suppose IYc X, for Y is submodule of U and I is an idael of R, with Y £ X +
(soc(U) +J(U)),then 3 x €Y and x € X + (soc(U) + J(U)). Since IY < X then for any a €1,
ax € X. But X is Alappn-prime submodule of U and x & X + (soc(U) +J(U)) then a € [X +
(soc(U) +J(U)):gU] hence I < [X + (soc(U) +J(U)):xU].

(&) Let rueX, for reR, ueU, then (r)(u) S X, so by hypothesis either (u) € X +
(soc(U)+JU))or(r) € [X+ (soc(U)+J(U)):gU]. That is either u € X + (soc(U) + J(U)) or
r € [X + (soc(U) + J(U)):x U]. Hence X is Alappn-prime submodule of U.

Corollary(2.4). Let U is R-module ,and X is submodule of U. Then X is Alappn-prime submodule
of U if and only if for any submodule Y of U and any r € R with rY € X, impales that either Y <
X+ (soc(U)+JWU))orr e [X + (soc(U)+J(U)):x U]

Proposition(2.5). Let X is a proper submodule of an R-module U, and [X + (soc(U) + J(U)):g U]
is a prime idael of R. Then X is Alappn-prime submodule of U if and only if X(S) € X +
(soc(U) + J(U)) for each multiplicatively closed subset S of R such that SN [X + (soc(U) +
JW))rU] = ¢.

Proof: (=) Suppose X is Alappn-prime submodule of U , and let u € X(S), then there exists s € S
such that su € X. But X is Alappn-prime submodule, so either u € X + (soc(U) + J(U)) or s €
[X + (soc(U) +J(U)):x U]. But if se[X+ (soc(U)+]J(U)):gU], imples that seSn
[X + (soc(U) +J(U)):xr U] = ¢, which is a contradiction. Thus u € X + (soc(U) +J(U)) and
hence X(S) € X + (soc(U) + J(U)).

(&) Let rueX, for reR, ueU, such that u & X+ (soc(U)+J(U)) and r & [X +
(soc(U) +J(U)):gU]. Now, since S is a multiplicatively closed subset for R, then S =
{1,r,7%,r3,..}, and since [X + (soc(U) +J(U)):xU] is a prime idael of R, then SN [X +
(soc(U) +J(U)):gU] = ¢. But u & X + (soc(U) + J(U)), imples that u ¢ X(S) and hence ru ¢
X which is a contradiction. Thus, either u € X + (soc(U) +J(U)) or r € [X + (soc(U) +
J(U)):g U], therefore X Alappn-prime submodule of U.

Before we give the next result, we must recall this Lemma.
Lemma(2.6) [3, Theo. (5.1)]: Let I is a proper ideal of ring R. Then I is maximal idael if and only
if | +(a) =Rforanya ¢ I.

Proposition(2.7). Let U is R-module, and X is submodule of U with [X + (soc(U) + J(U)):x U] is
maximal ideal for R. Then X is Alappn-prime submodule of U.
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Proof: Suppose ru € X, for r e R, u € U, with r & [X + (soc(U) +J(U)):gU]. Since [X +
(soc(U) +J(U)):g U] is a maximal ideal of R, then by lemma (2.6) R = (r) + [X + (soc(U) +
J(U)):x U], where (r) is an ideal of R generated by r, we obtain 3a €R and b € [X +
(soc(U) +J(U)):g U] such that 1 = ar + b, hence u = aru + bu € X + (soc(U) + J(U)). Hence
Alappn-prime submodule of U.

Propsition(2.8). Let U is an R-module, and J is maximal ideal of R, such that JU + (soc(U) +
J(U)) € U. Then JU is Alappn-prime submodule of U.

Proof: Since JU € JU + (soc(U) + J(U)), imples that ] © [JU + (soc(U) + J(U)):g U], that is
there exists a € [JU + (soc(U) + J(U)):x U] and a € J, but J is a maximal ideal then by lemma
(2.6) J + {(a) = R, where (a) is an ideal of R generated by a, thus there exist » € R and j € J such
that 1 = j + ar, it follows thatu = ju + aru for each u € U. Hence u € JU + (soc(U) + J(U)),
for each u € U, that is U € JU + (soc(U) + J(U)), hence U = JU + (soc(U) + J(U)) which is a
contradiction. Then a € J and hence [JU + soc(U):zg U] € ], it follows that [JU + soc(U):x U] =]
is a maximal ideal of R, hence by proposition (2.7) JU is Alappn-prime submodule of U.

Proposition(2.9). Let X is a proper submodule of an R-module U, with [Y:;RU] & [X +
(soc(U) +J(U)):g U], and X + (soc(U) + J(U)) is a proper submodule of Y for each submodule Y
of U such that [X + (soc(U) +J(U)):xgU] is a prime ideal in R. Then X is Alappn-prime
submodule of U.

Proof: Supposeru € X, forr e R, u e U, and u & X + (soc(U) + J(U)). Then X + (soc(U) +
JWU)) € X+ (soc(U)+]J(U))+(u)y=Yand so [Y:g U] € [X + (soc(U) + J(U)):g U], then there
exists a €[Y:igU] and a & [X + (soc(U)+J(U)):gU]. That is aU<S Y and aU <X +
(soc(U) +J(U)). Thus aU < Y, imples that raU < r(X + (soc(U) +J(U)) +(u)) € X +
(soc(U) + J(U)). It follows that ra € [X + (soc(U) + J(U)):g U]. But [X + (soc(U) + J(U)):g U]
is a prime idael of R, and a & [X + (soc(U) + J(U)):g U] then r € [X + (soc(U) + J(U)):x U].
Hence X is Alappn-prime submodule.

Proposition(2.10). Let U is an R-module, and X,Y are submodules in U with Y € X, and X is a
proper submodule of U. If X is Alappn-prime submodule of U, then % is Alappn-prime submodule
U
of —.
Y
Proof: Suppose X is Alappn-prime submodule of U, and let r(u+Y) = ru+Y € % for r € R,
u+Ye % u € U. Thenru € X. But X is Alappn-prime submodule of U, imples that either u €
X+ (soc(U)+J(U)) or rU < X+ (soc(U)+]J(U)). Thus u+YE€ M or % c
w,that is eitheru +Y € =+ §§+Soc(£)+](g) or ric
Y Y Y Y Y
X X+soc(U) . X+J(U) u

Y
S t——t—, € §+ soc (Y ) +] (g ) Hence % is Alappn-prime submodule of % .

X+soc(U) . X+J(U)
Y Y

Now before we give the converse of proposition (2.10) we need to recall the following lemma.
Lemma(2.11) [6, Ex.(12). P 239]

a) Let X is a direct summand submodule of an R-module U then J (;) — [D+x

X

b) An R-module U is semi-simple if and only if for all submdule X of U soc (¥) = 252X

X X
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Proposition(2.12). Let U is semi-simple R-module, and X, Y are submodules in U with Y € X, and
X is a proper submodule of U. If Y and é are Alappn-prime submodule of U and % respectively, then

X is Alappn-prime submodule of U.
Proof: Suppose Y and % are Alappn-prime submodule of U and % respectively, and let ru € X, for

reR, uelU. So w+Y)=ru+rY e% .If rueY and Y is Alappn-prime submodule of U,

imples that either u €Y + (soc(U) +J(U)) € X + (soc(U) +J(U)) or rU €Y + (soc(U) +
J(U)) € X + (soc(U) +J(U)), hence X is Alappn-prime submodule of U. Therefore, we may

assume that ru ¢ Y. Follow it (u +7Y) e% , but% is Alappn-prime submodule of % implies that

either u+Y §+ (soc (g) +] (% )) or r% c §+ (soc (%) +] (% )) Since U is semi-simple

then by lemma (2.11) either u+Y € % + Y“‘;C(U) + Y+{/(U) or r % c §+ Y+OYC(U)

Y X, it follows that Y +soc(U) S X +soc(U) and Y +J(U) S X +J(U), hence >+

Y+soc(U) +Y+](U) c {+X+soc(U) +X+](U). Thus either u+Y € X+(soc(U)+] () or Tﬂ c
Y Y Y Y Y Y Y

HrCocl+ IO it follows that either u € X + (soc(U) +J(U)) or U € X + (soc(U) + (V).

Hence X is Alappn-prime submodule of U.

+ Y+{,(U). Since

Lemma(2.13) [10, Lem. (2.3)]: Let U be injective R-module then J(U) = U.

Proposition(2.14): Every submodule of injective R-module is an Alappn-prime submodule.

Proof: Let X be a submodule of an R-module U, and ru € X, for r € R, u € U. Since U is injective
then by Lemma (2.13) J(U) =U. We have u € U = J(U) S X + (soc(U) +J(U)) or rU € U =
J(U) € X+ (soc(U) +J(U)). That is X is an Alappn-prime submodule of U.

Proposition(2.15): If rX is an Alappn-prime submodule of R-module U, for r is idempotent in R
and X is submodule of U. Then X < rX + (soc(U) + J(U)) or X + (soc(U) + J(U)) = U.

Proof: Let u € X, then ru € rX, where r € R. Since rX is an Alappn-prime submodule of U then
either u € rX + (soc(U) +J(U)) or rU S rX+ (soc(U)+]J(U)) that is either uerX+
(soc(U) +J(U)) or r2U € r?X + r soc(U) + r J(U). But r is an idempotent, so either u € X +
(soc(U) +]J(U)) or rU € rX +rsoc(U) +rJ(U). Hence either u € rX + (soc(U) + J(U)) or
Uc X+ (soc(U)+J(U)).But X € U, soc(U) €U, and J(U) € U, then X + (soc(U) +J(U)) <
U.Thus X € X + (soc(U) + J(U)) or X + (soc(U) + J(U)) = U.

Proposition(2.16): Let U be an R-module with every nonzero element of R is invertible. Then
every submodule of U is Alappn-prime.

Proof: Let X be a proper submodule of U, and ru € X, for r € R, u € U. Since r is invertible then
there exists r~! € R such that r~'ru € r~1X € X implies that r"'ru € X that is Lue X € X +
(soc(U) +]J(U)), hence ueX <X+ (soc(U)+J(U)). Therefore X is an Alappn-prime
submodule of U.

Corollary(2.17): Let U be an R-module over field. Then every submodule of U is Alappn-prime.

Proposition(2.18): Every submodule of torsion free module is Alappn-prime.
Proof: Let X be a proper submodule of a torsion free R-module U, and ru € X, forr e R, u € U,
then rru € rX that is r?u € rX. Thus there exists n € X such that r?u = rn it follows that

rlru—n]=0,butrue X U and n € X € U it follows that ru —n € U, thus r € anng(ru —
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n). Since U is torsion free then anng(ru —n) = 0 it follows that r = 0, hence rU = {0} € X +
(soc(U) +J(U)). Thus rU < X + (soc(U) + J(U)). Therefore X is an Alappn-prime submodule of
U.

Remark(2.19): The intersection of two Alappn-prime submodules in R-module U isnot Alappn-
prime submodule of U. As in this following example:

Let U =2Z,,,R=2. X =(2) and Y = (3) are Alappn-prime submodules of Z,, (because they
are prime), but X n'Y = (6) is not Alappn-prime submodule of Z,, see [Remarks and Examples

(2.2)(5)].

The following proposition shows that the intersection of two Alappn-prime submodules is
Alappn-prime submodule under certain condition.
Lemma(2.20) [7, Ex.12(5). p242]. A submodule X of an R-module is maximal and
essential if soc(U) € X.

Proposition(2.21). Let U is an R-module with either X or Y are maximal essential submodule in U
and Y € X. If X and Y are Alappn-prime submodules in U then X N Y is Alappn-prime submodule
of U.

Proof: Letrue XnY,forreR, ue U,thenru € X and ru € Y. But X and Y are Alappn-prime
submodules of U, then either u € X + (soc(U) + J(U)) or rU € X + (soc(U) +J(U)) and u €
Y + (soc(U) +J(U)) or rUC Y+ (soc(U)+JU)). Thus u€ (X+ (soc(U)+]U)))N
(Y + (soc(U) + J(U))) or U € (X + (soc(U) +J(U))) n (Y + (soc(U) + J(U))). Since X or Y
are maximal essential in U then lemma (2.20) soc(U) € X or soc(U) € Y and since X or Y are
maximal then J(U) € X or J(U) € Y. Suppose X is a maximal essential of U then soc(U) € X
and J(U) € X and hence (soc(U) +J(U)) € X, it follows that either u € X n (Y + (soc(U) +
JU))) or rU € X n (Y + (soc(U) +J(U))). Therefor by Modular law[6] either u € (X nY) +
(soc(U)+JWU) orrtUcS (XNnY)+ X NY)+ (soc(U)+J(U)). Therefore X NY is Alappn-
prime submodule of U.

Proposition(2.22). Let f:U — U’ is R-epimorphism and X is Alappn-prime submodule of an R-
module U’. Then f~1(X) is Alappn-prime submodule of an R-module U.

Proof: It is clear that f~1(X) is a proper submodule of U. Now, suppose ru € f~1(X), for r € R,
u € U, imples that rf(u) € X. But X is Alappn-prime submodule of U’, then either f(u) € X +
(soc(U)+J(U")) or rU' € X + (soc(U") +J(U"). It follows that either u € f~1(X)+

f‘l ((SOC(U’) -|—](U’))) c f‘l(X) + (SOC(U) +](U)) or rf—l(f(U)) c f_l(X) +
f ((SOC(U') +1(U'))) C f71(X) + (soc(U) +J(U)).  Hence  either  wue€ f1(X)+

(soc(U) +J(U)) orrU € f~1(X) + (soc(U) + J(U)). Thus f~1(X) is Alappn-prime submodule
of U.

Proposition(2.23). Let f: U — U’ is an R-epimorphism, and ker f is a small submodule in U. If X
is Alappn-prime submodule of U with ker f © X. Then f(X) is Alappn-prime submodule of U’.

Proof: It is clear that f(X) is a proper submodule of U’. Now let ru’' € f(X), forr eR, u' € U’,
imples rf(u) € f(X) for some u € U (since f is onto), that is f(ru) € f(X), f(ru) = f(x) for
some x € X thatis f(x —ru) = 0,50 x —ru € Ker f € X, imples that ru € X. But X is Alappn-
prime submodule of U, then either u € X + (soc(U) +J(U)) or rU € X + (soc(U) +J(U)).
Hence either u' = f(u) € f(X) + f ((soc(U) +](U))) C f(X)+ (soc(U)+JWUH) or rU' =

93



rf(U) S FX)+ f((soc(u)+ /(U)))g FX) + (soc(U") +J(U"). Thus f(X) is Alappn-
prime submodule of U’.

Proposition(2.24). Let U = U, @ U, is an R-module and X = X; @ X, is a semi-simple Alappn-
prime submodule of U, with X © J(U).Then X; and X, are Alappn-prime submodules of U; and U,
respectively.

Proof: To prove X; is Alappn-prime submodule of U;. Let ru; € X;, for r € R, u; € Uy, then
r(uy,0) € X; @ X,. Since X; @ X, is Alappn-prime submodule of U, then either (u;,0) € X +
(soc(U) +J(U)) or r € [X + (soc(U) +J(U)):x U]. But X is semi-simple then X = soc(X) S
soc(U) and since X < J(U) imples that X + (soc(U) +J(U)) = soc(U) + J(U), hence either
(u1,0) € soc(U) +J(U) = soc(U; @ Uz) +](U; @ Uy) = soc(Uy) @ soc(Uz) +J(Uy) @J(U2) =
(soc(Uy) +J(Up) @ (soc(Uy) +J(Uy)) or r € [soc(U) +J(U):r U] = [(s0c(Uy) +J(UD)) @
(soc(Uy) +J(Uy)):r Uy @ Uy S [soc(Uy) + J(Uy):g Up] € [Xy + soc(Uy) +J(Up):g Uy]. So either u; €
soc(Uy) +J(Uy) € X, + soc(Uy) +J(U;) or r € [X; + soc(U;) +J(Uy):g U;]. Hence X, is an
Alappn-prime submodule of Uj;.

Similarly, we can prove that X, is Alappn-prime submodule of U,.
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