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Introduction

Optimal control problems have attracted numerous researchers in science and engineering [1-3].
They are essentially related to the identification of state trajectories for a dynamical system over a
time interval that optimizes a specific performance index, by achieving the best possible outcome
through endogenous control of a parameter within a mathematical model of the system itself. The
associated problem is characterized by a cost or objective function, depending on both the state and
control variables, as well as by a group of constraints. Optimal control problems are typically
nonlinear and hence do not admit analytic solutions. Therefore; several authors have suggested
various techniques providing a numerical solution. different basis polynomials are considered for
solving optimal control problems, such as, shifted Chebyshev polynomials [4-6], Chebyshev
wavelets [7, 8], Legendre orthonormal basis [9], Taylor wavelets [10], orthonormal Bernstein
polynomials [11], spline basis functions [12-16] and modified Hermite polynomials [17]. In
addition, the scaling and wavelets functions play an important role in areas of mathematics. These
functions have been utilized in the solution of differential equations, integral equations and
approximation theory [18-20].

In this paper, novel approach based on Spline Scaling Functions (SSFs) operational matrices
with their properties is applied for approximate solution of the optimal control problem. The
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advantage of operational matrices is to convert the original problem to a system of algebraic
equations and then the integration product and differentiation will be eliminated with the aide of
operational matrix of integration operational matrix of product and operational matrix of derivative
respectively. In a result the complexity reduction can be obtained.

The main important goal in this work is to study the interesting properties SSFs and derived
some new basic formulations of them. Two important operational matrices are devoted and their
exact expression formulas are determined. In addition some useful lemmas concerning Basic Spline
Scaling Functions are also presented. The polynomials and wavelets expansions together with
operational matrices can be employed to solve problems in applied science and other fields of
approximation theory.

Structure of the article

In section 3, Spline Scaling Functions are introduced and some new important properties
concerning SSFs are derived. We obtain two important operational matrices for Basic Spline
Scaling Functions: named operational matrix of derivative and product operational matrix for SSFs.
They are drowned through section 3. Section 4, introduces an algorithm for solving optimal control
problems based on SSFs. Some test examples are included in section 5 to confirm the efficiency of
the proposed method. In section 6, some conclusions are listed.

The Definition of Spline Scaling Functions
The Spline Scaling Functions ;" (t) can be defined on the interval [0,1) as below

m _ n ntl
W () = {Bsi (kt—nm) telr 2) "
0 otherwise
where
m-—1 m-—1 .
BSI(t) = {tBSi_l ®)+@—-t)BS"(¢) om > L @)
0 fori <Qori>m

Fori = 0,1,..,m and the four arguments n, k, m, t are

(1) The translation argumentn = 0,1, ...,k — 1

(2) The number of partitions on [0, 1], kK > 1 is any positive integer
(3) The normalized time t

(4) The order of Bernstein polynomial on [0, 1] ism

The polynomials in Eq. (2) are in Hilbert space L?[0, 1]. It means that they form a complete set and
are non-orthogonal.

The Spline Scaling Functions have many interesting properties; some of them are useful in our
work

- BS™ (t)stm(t)zw BSA(t) i,j#0

@)

+
m)\ (k
((Tr?-l-(k)) BSfﬁj’k(t) k,j=01,..,m
i+)

- BSTH () =%k,
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BS* (t) _ BS™*' () , BS[}i' (©)
9 I G I Gy
Function Approximation Using SSFs
A function x(t)eL?[0, 1] can be expanded in terms of SSFs as

+ i=01..,m

x™(t) = Lnzo Zizo Xin Min(0) ©)
If we consider truncated series in Eq. (3), one can get
X™(t) = XRZ6 XiZo Xin Min(0) (4)
where

T
nm(t) = [7700»7710» o Mmo Mo M1 s Mma s s Nok-1N1,k-15 = Mmk—1 ] (5)

and x is a (km x 1) vector of unknown coefficients.

Properties of SSFs
Operational Matrix of Derivative

This section gives a new method for constructing operational matrix of derivatives for Spline
Functions. We choose m =4 and k=2 and perform Eq. (1) to calculate the ten SSFs as
illustrated in Table 1.

Table 1;: The SSFsform =4 and k = 2

0<t<1
B 2

(@) = (1 - 20)*
nio() = 8t(1 — 2t)°
n5.(t) = 24t2(1 — 2t)?
n3o(t) = 32t3(1 — 2t)
N5 (t) = 16t*

1<t<1
5=

n5. () = (2 — 20)*

nt(6) = 4t(2t — 1)(2 — 2t)?
N3, (t) = 6(2t — 1)%(2 — 2t)*
N3 () =42 - 2t)(2t — 1)3
7721(0 = (2t — 1)4

By differentiating the ten basis in Table 1, one can get the new equations as shown in Table 2.

Table 2: The Derivatives SSFsform =4 and k = 2

1
-<t<l1

0<t<1
< > 5=

Moo (t) = =815 (t)

Nt (t) = 8(7730(@ — 130 (t))
n50(t) = 8(’7%0(0 — 130 (t))
M50 (t) = 8(7730(0 - Ugo(t))
N30 (t) = 813, (1)

161 (6) = =815, (t)

M4 () = 813, (¢)

Nt () = 8(7731(t) - 7]%1(0)
n31(t) = 8(77%1“) - ngl(t))
N3 (t) = 8(7731“) - 7731(0)
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The equations in Table 2 can be written in the following form

n*(¢) = Dn*(t) (6)
where
n*(@®) = [160(®) 110 (1) 120(t) 130() N4o(t) M1 (t) 111 (8) 131 (1) N31() N5, (D) 17
() = 50 () 130 (6) n30(6) N3o(®) M3 (6) N3 (O 31 (O N3 (O]
The operational matrix D can be defined as

/—1 0o 0 O \
1 -1 0 O
D=<D01 DO)WhereD1=23| 0 1 -1 0
! \ 0o 0 1 -1
o 0 o0 1
The general formula for operational matrix of derivatives for SSFs are built through the following
theorem.

Theorem 1. Let n™(t) be the SSFs vector defined in Eq. 5. The derivative of the vector n™(t) can
be given by

k™ m-1 i=01,..,m-1
Thn(t) { (771 1n Um ) ' (7)

k™ nm 1 n L=m
wheren =0,1, ...,k —1
Proof. The nth element of the SSFs vector n™(t) in Eq. 5 can be written as

ot (t) = nin(t) = B (kt — n)x[zn_ﬂ ,T=12,..,m

K k
where
n n+1
=t WSS ®
K k 0 otherwise
andr=n(m+1)+{+1)
Take the derivative of Eg. 8 with respect to t yields
dor _ d pem(pt _
Frae BS (kt Tl))([r]z n:l] (9)
Using the known relation of the differentiation of SSFs,
L BS™(t) = ( BS™71(¢) — B 1(t)) for 0<i<m (10)
Therefore;
20:® _ pom (BS!T ket —n) — BS!" ™ (kt — m)) P (11)
dt [k’ K ]

with the use of Eq. (1) we will get the required results.
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Product Operational Matrix for SSFs
An important operator which plays a very important role in modeling some equations can be
defined by

(O™ = Pn(t) (12)

where the matrix P is a 2(m + 1) X 2(m + 1) named a product operational matrix of SSFs. To
illustrate the formulation of the product matrix, m = 2, k = 2 are selected in Eq. 1

The entries of the matrix n2(t)n?(t)Tcan be written as follows

77(2)177(2)0 775177(2)1 77(2)177(2)2 7](2)177%0 77(2)17]%1 No1M12
2 .2 ) 2 .2 2 .2 2 .2
nz(t)nz(t)T — | No2Moo  Mo2Mo1r  Mo2Moz  Mo2M1o0 Mo2M11 7702771
77%077%0 77%077(2)1 77%077(2)2 77%07]%0 7]%077%1 7710771
7]%17750 77517781 7]%17782 77%177%0 77%177%1 N117M12

77807780 77(2)07781 77807752 775077%0 778077%1 77007712\‘
|
|
77%277(2)0 77%277(2)1 77%277(2)2 77%277%0 77%277%1 77127712/

where
77(2)077(2)0 = 7730 77%077%0 = 7731
2.2 _1 4 2,2 _1 4
Nooo1 = S Mo1 N1oM11 = 3711
2.2 _1 4 2,2 _1 4
Moo”o2 = Moz NioM12 = M1
1 1
77(2)177(2)1 = 57732 77%177%1 = 577122
1 1
77(2)17152 = 5?)6‘3 77%1’)%2 = E’?g1
77(2)27)52 = 7)34 77%277%2 = 7721
Note that n;znj, = 0 for n = j because the entries of n™(t) are the mterval —<t< :,;11

rere =g q)

where
4 1 4 1 4 4 1 4 1 4
Moo 3o 67720\ No1 371 67121\
= Lpe Lpa o Llpa |14 1.4 1.4
R, = SN0 3120 3730 ,and R, = S 37M21 3731
14 1.4 4 14 1 4 4
20 N30 Tao 21 SM31 7]41/

or n*(ON*()" = pexe n*(t)
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P 0 1 1 1
where pgye = (01 P2>’ (Pi)3x3 = 5P1i gpzi 5P3i
1 1
P2 SPsi Py

Thatisfori = 0,1.

In general, the operational matrix of the product can be given by

(DG om

nm(t) 77nk (t) nn l+k(t)
(l+k

Nin@®) nj() =0 for i#j

Letr =n(m+1)+i+1 then nm_p™
Therefore;

7717!11 7717!21 _ ((r1—1)-ir-r1lz(m+1)2)m((r2—13:nn(m+1) 7](27ZL+7~2)—(n+1)

(r1+1y—-2)+nm

Further properties of SSFs
Some exact relations between SSFs and their derivatives are listed throughout the following
lemmas.

Lemma 1. The SSFs of order m — 1 can be expressed by SSFs of order m by the following
formula

() = = (Gm— D) + G+ Dy () (13)
fori=0,1,..,m andn=0,1,..,k—1

Proof. Using the following formula

1
m nm(t) + s 771+1n(t) m—1 Thn 1(t)
() () ")

i+1
We can write arbitrary SSFs in terms of SSFs of higher degree,

Thatis, n'(t) = (") <(m)nm(t)> (;)n{’il,n(t)

In other words

() = — @nzmme+a+mﬂm@)
As we want to prove.

Remark 1: Note that Eq. 13 can be written in the following compact form

i () = Ry™(t)
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R 0y . . . .
where R = ( ! R ) isa2m x 2(m + 1) matrix and R, ism X (m + 1) matrix. For example for
1

0
m = 4, yields
4 1 0 0 O
R —L[0 3 200
172210 0 2 3 0
0 00 1 4
Lemma 2. The first derivative of SSFs in terms of SSFs in the same order is formulated as
A () = 2 (G = i + Dy () + 20— m)h(0) + G+ Dl () (14)

fori=01,..m and n=01,..,k—1
Proof. Since the first derivative of SSFs is given by Eq. 7

W) = 2m (N3350 — 0l (©))

and the formula of SSFs of order m — 1 can be expressed by SSFs of order m using the formula:

1
i () = —((m = O © + ( + Dty u(0)
By combining these two relations, one can obtain the required results.

Remark 2. The compact form of Eq. 14 can be formulated by the following

Nin(t) = SN
where the matrices S and S; are of 2((m+ 1) X (m+ 1)) and (m+ 1) X (m+ 1) dimensions
respectively. They are defined as below

AT
s=(o )
The entries of the matrix S; can be obtained from the following relations
—2m+4(i—-1) i=j

2m —2(G —1) i—j=11i>j
—2m—-2(—-4) j—-i=1 i<j
0 otherwise

$1= (51)ij =

Application of approximating functions and operational matrices of SSFs to optimal control
problem.

Consider the following optimal control problem minimize the functional

J = J; F(tx(®),u(®))dt (15)
subjectto u(t) = F(t,x(t), %(t)) (16)
with the boundary conditions x(0) = x, and x(1) = x; a7

To solve the OCP (15-17) by means of SSFs and their properties, two examples are discussed

Example 1. Find an optimal control w(t) with the cost functional minimize

J = [, (x(®)? + u(t)?dt (18)
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subject to u(t) = x(t) (29)
and boundary conditions x(0) = 0, x(1) = 0.5 (20)
Let the initial approximation of x(t) is

x () = x% + (x' = x°) (0.5n10(t) + 0.5n10() + 111(1)

By Eqg. 6, one can get

The first approximation: x1(t) = d,;n*(t),

The second approximation: x%(t) = d,n(t) + a, (n*(t) — n(t)), a,=0.113636,

or x2(t) can be written as x?(t) = d n*(t) + d,n*(t) (21)
The third approximation: x3(t) = x2(t) + a; + n3(t) — n?(t), a; =0.029167

or x3(t) = dyn*(t) + dn*(t) + d3n(t)

The fourth approximation: x*(t) = x3(t) + a, + (n*(t) — n3(t), a, = 0.012606

or x*(6) = dyn' () + dyn*(0) + d3n*(6) + dan™ (6)

The control variable can be evaluated using Eq. 19 as follows

Rearranging Eq. 21 to get the desired form

x2(t) = dy(M1n*(£)) + dy(Myn3(t)) (22)
) 1 - 0 0
Sl 0 SZ O 1 E O ; 2
2 00 I 1 /
3
x2(t) = dy (M D' (t)) + d,(M,D?*n?(t)) (23)

and u?(t) = e;nt(t)+e,n?(t)

Similarly, the third approximation for u(t) can be found as below
W) = e () + e;n* () + esn’(t)

uy(t) = e (6) + en* (O +e3n’ (1) + egn* ()

where, n*(t) = [n5o(t) 170() M52 (&) Mi1 (O],

and n2(6)=[n3o(t) n%,(t) n5,(t) n3,(t) ni,(t) n3,(t)]. Note that the values for the vectors
d; and e;, i = 1,2,3,4 are listed in Table 3.
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Table 3. The values of the vector d; and e;, i = 1,2,3,4, for Example 1

The values of the vector d;

The values of the vector e;

d4 d, d dy eq e, e; e,
0 0 0 0 0 |-0.11364 0 0
0 -0.02841 0 0 0 |-0.0568 -0.00972 0

0.25 | -0.02841 | 0.00243 0 0.5 | 0.0560 -0.01215 | -0.001576

0.5 -0.02841 | 0.00395 | -0.000394 | 1 | 0.03684 -0.00729 | -0.003152

-0.02841 | -0.00365 | -0.00210 -0.00729 | 0.003152

0 -0.00480 | -0.000079 0.002431 | -0.003152

-0.001182 0.00972 | -0.00315

-0.001576 0.02917 | -0.001576

0 0.003152

0 0.01261

For optimal values of the performance index J corresponding to n = 1, 2,3, that is when x(t) =
x1(t), u(t) = ul(t), x(t) = x2(t), u(t) = u?(t), x(t) = x3(¢t), u(t) = u3(t), Respectively,
one can refer to Table 3.

Table 3. Approximate values of J for Example 1

Iteration Our method Error
1 0.3285984848 3.379 x 1074
2 0.3284769571 2.181 x 1074
3 0.3284627061 2.031x 1074

Note the exact value of J is 0.3282588214.

Example 2. Consider the non-linear control system which consists of minimizing

]=j u?(t)dt
0

Subject to u(t) = x(t) — x2(t)sint, x(0) = 0, x(1) = 0.5

In this example the initial approximation is x*(t) = d;n*(¢t)

The second approximation is x2(t) = d;n*(t) + d,n?(t)

u2(t) = et (D)+en?(t) — (dun' (&) + dn?(©)) sin(t)

The third approximation is x3(t) = dyn*(t) + d,n?(t) + d3n3(t)

u3(t) = et () + en?(6) + esn* () — (dyn' (©) + dan? () + dgn? (D)) “sin(t)

The fourth approximation is x*(t) = d;n*(t) + dyn?(t) + d3n3(t) + dyn*(t)

u*(t) = eyt (t) + e;n*(t) + e3n>(t) + eqn*(t)
— (dyn'(®) + dn?(6) + d3n3(®) + dyn* (D) sin(t)

Note that the values for the vectors d; and e;, i = 1,2,3,4 are listed in Table 4.
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Table 4. The values of the vector d; and e;, i = 1,2,3,4, for Example 2

The values of the vector d; The values of the vector e;
d4 d, d d, eq e, e; e,
0 0 0 0 0 -0.0378 0 0
0 -0.0095 0 0 0 -0.0189 | -0.0054 0
0.25 -0.0095 | -0.00136 0 0.25 0 -0.00679 | 0.2625
0.5 -0.0095 | -0.00204 | 0.0656 0.5 0 -0.00408 | 0.5240
-0.0095 | -0.00204 | 0.1312 0.0189 | -0.00408 | 0.5240
0 -0.00272 | 0.1312 0.0378 | -0.00136 | 0.2625
0.00273 | 0.19684 0.05433 0.2625
0.2625 0.0163 0.2625
0.2625 -0.5240
0 -0.2097

The approximate values for J are listed in Table 5 together with the exact one.

Table 5. Approximate values of ] for Example 2

Iteration | Our method Absolute Error
1 0.2005 0.0000
2 0.2005 0.0000
3 0.2005 0.0000
Exact 0.2005

Example 3. Consider third problem of minimizing

1
] = 0.5f (3x2(t) + u?(t))dt
0

Subject to u(t) = x(t) + x(t), x(0) = 0, x(1) = 2. The exact value for the cost is ] = 6.1586.

For optimal values of the performance index J corresponding to n = 1, 2,3, one can refer to Table
6. The obtained results in [21] are also included in Table 6.

Table 6. Approximate values of J for Example 3.

Iteration | Our method Method in [21]
1 6.1904 6.195
2 6.1575 6.1775
3 6.1548 6.1753

Conclusion

A recursive definition of the SSFs is presented, that is the SSFs of degree m can be expressed by
two SSFs of degree m — 1. A rasing degree formula is derived concerning SSFs. That is SSFs of
degree < m can be written as a linear combination of SSFs of degree m. Derivative of SSFs of
degree m are functions of degree m — 1. In this article an exact expression of SSFs of first

derivative is formulated in terms of SSFs in the same order m. New exact matrices concerning
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SSFs are derived named operational matrix of derivative, which differentiate the vectors of SSFs
without any error; also a product operational matrix of SSFs is presented. By newly matrices many
problems can be solved. They are applied together with a special direct technique to solve problems
in optimal control. The efficiency of the proposed technique is shown from the obtained results.
The aim of such technique is to get an effective algorithm that is suitable the digital computers by
reducing the underlying optimal control problem to an optimization problem. This leads to a wide
future work in solving many problems in science and engineering. Furthermore; they led to fewer
errors when they were applied in solving the optimal control problem. These operational matrices
can be utilized for approximate solution of calculus of variation problems, integral equations and
other applications.
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