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Introduction

In the world of mathematics, a theory emerged [1] that is considered one of the most
effective theoretical tools, and it is the fixed-point theory that was adopted by the creative
scientist Banach in the middle of the last century [2-4]. This theory has a lengthy history and
has undergone substantial research in a variety of fields, including economy, area
programming, artificial intelligence, control optimization and chaos, mentioned in the
references list [5-7]. We used to use this theory to achieve the existence of a solution to many
different equations, such as differential equations, partial differential equations, and integral
equations, in addition to proving the unity of solution [8]. Among these equations, the science
of optics and electromagnetic waves invaded the world in an exaggerated way so many
academics generalised metric spaces and theoretical and applied results [9] as indicated in [10-
12] Here, light is highlighted on the generalisation of complex value metrics [13].

In 2011 [14], the researcher Azam and others presented the idea of metric spaces of complex
value, so that this idea developed many results on the fixed point and provided logical
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justifications for contraction [15], and highlights the importance of the possibility of applying
complex valued metric spaces in many fields in mathematics and most of its fields. And physics
and justifying its applications by mathematical theories Including mechanical engineering,
algebraic engineering, applied mathematics, electrical engineering, thermodynamics and
hydrodynamics. Azam's point of view, in which he introduced the concept of well-known metric
spaces, was more general and works to show the fixed point theorems in a more generalised
manner in the rest of the sciences that this theory serves and adopts the proof of the facts
proposed by researchers in [16] various sciences. The idea was developed for b-metric spaces
by Rao and a number of researchers.

In 2013 it showed a lot of fixed points that are consistent with the common fixed points.
Recently Ozgur [17] presented another concept, which is the complex valued rectangular b-
metric space and many concepts of contraction appeared in this space, as Ozgur presented two
concepts of contraction in the new space [19], and then Mustafa and Sims worked on
Generalized metric space structure and named after C -metric spaces [20]. Aghajani et al.
presented a new generalization of metric space recently In order to combine the two spaces, b-
metric spaces and G -metric space. It is possible to extract a number of results and previous
works in the field of the metric fixed point to obtain new results, (as presented in [21]).

Throughout this paper, we will discuss the idea of generalization of the rectangular G-
metric space in complex valued space and present some topological properties and fixed point
theorems.

Complex Valued Rectangular C,- Metric space
Let C is collection of complex numbers thend,, §, € C defines the partial order relationship <
on C as follows

8,38, if and only if Re(8;) < Re(d;) and Im(6;) < Im(6,)

thatis §; < §, if one of these following condition is holds

(i) Re(d8,) = Re(d,) and Im(5) = Im(5,);

(i) Re(8;) < Re(6,) and Im(5;) = Im(6,);

(iii) Re(8,) = Re(d,) and Im(6,) < Im(5,);

(iv) Re(6;) < Re(d,) and Im(8,) < Im(6,) .
In particular, the symbol §; < §, mean that §; # §, and one of (i-iv) is satisfied and we will
write §; < &, if only (iv) is satisfied.

Remark 2.1 [17] the following terms satisfies

() abeRand a < b = ad 2 bs, V 6§ €C,

(i) 0 = 6 % 6, = [61] < 182],

(iii) 6; S 8, and 6, < 63 = 6; < 6.

As a new approach of Azam's space [18] the following definition may be proper

Definition 2.2. For X which is a non-empty setand s > 1, if a complex valued function ¢ on
X3satisfies the conditional below:
(1) C(x,v,h) = 0,ifx =v =h,

(i) 0 < C(x,x,v) forallx,v € X withx # v,

(iii) C(x, x,v) 2 C(x, v, h) forall x,v,h € X, withv # h,
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(iv) C(x,v,h) =C(x,v,h) = C(v,x,h) =-- (All three variables are Symmetric for every
x,w, h € X, and every distinct two points 9, a € X\{x, v, h}. Therefore (X, C) is refe to a complex
rectangular C,-metric space, shortly, CRC, M-space.

We should see, if s = 1 then (X, C) is called a complex rectangle C- metric space ( CRG-space), if
Y = «a then (X, C) be complex C,-MS (CC,- metric space); and if s = 1 and 9 = « then it is said
complex C-space ( CG-space)

Example 2.3. Forany X = E U {1,2} U B, such that E = {i 3y = 2,34, ...}and B ={34,5,..},

DefineC: XX XX X - C as
C(x,v,h) = C(x,h,v) = C(v,x,h) = -, forallx,v,h € X
and
Clx,v,h) ={0 if x=v=h 4j if x,v,yh€Eandx # w

* h; Zj_y ifx€E and v+ h

€{1,2}; j otherwise , (1)

Since for every x,v,h € X and non-negative distinct points 9,a € X \{x,v,h}, and j > 0 is
constant.

Now, check conditions (i-v) in Definition (2.2)

() If C(x,v,h) = 0thenx = v = h, from (1).
Therefore
C(x,v,h) = C(x,h,v) =C(v,x,h) = =0, forall x,v,h € X.

(ii) Assumes thatx # v # h. Then C(x,v,h) = 4j >0, forevery j > 0.

(iii) Third condition hold C(x, x,v) < C(x,v, h),

because C(x,x,v) =j S 4j = C(x,v,h), forall x,v,h € X, with v # h.

(iv) Its easy show that from definition.

(v) To prove pentagonal inequality let for every x,v,h € X and non-negative distinct points

J,a € X \{x,v,h}, andj > 0 is constant, thereis s > 1, therefore

Clx,v,h) 3 S(C (x,9,9)+CW,aq,a)+ C(a,v, h))
were
Clx,v,h) =4j Is(j+j+j)=6j, with s=2>1, VI, a € X \{x,v,h}.

Then (X, C) is CRC, MS with coefficient s = 2 > 1.
However, (X, C) is not a CRCM space, because

¢Gaz)=9> 5=c(22)ree2n+c(1L3)

and is not CC,MS as there does not exist s > 1 such that

Clx,v,h) 2 s[C(x,9,9) + C(Y,v,h)], forall x,v,h,9 € X.

(v) C(x,v,h) = S(C (x,9,9)+CM,a,a)+ C(a,v, h)), (Pentagonal inequality).

Example 2.5. Consider a function C: X3 - C on a nonempty set X, which a complex G-metric space
by

C(x,v,h) = [C(x,v,h)]", forall x,v,h € X and r > 1.
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Then, (X, ) is a RC,M space with s = 371, Shows us that, C is agrees to the terms (i) - (iv) of the
Definition (2.2). After that, the convexity of f(x) = x" for x = 0, implies (v) as follows:

Cl,v,h) =B —h)" <3 M(lx=b|l+|x— bD"+(b— n|+]o—n]" + (n—h])"
= 3""1[C(x, b, b) + C(b,n,n) + C(n, v, W)].
Hence, (X, C) isa CRG,MS with s = 3771, forall b,n € X \{x, v, h}

Example 2.6. Let X = R and we define ¢ : X3 - C, as
Cx,v,h)=(x—v|+ |lv=h|+|x—hD"+i(lx—v|+ |lv—"h|+ |x —h]"
for every different element x, v, h € X and non-negative I,l € X\{x, v, h}, andall (r > 1)
(i) If C(x,v,h) =0then (Jx — v|+ |[v—h|+|x—h])" =0,
and i(lx—v|+ |lv=h|+|x—=h)" =0.
Hence x = v = h. Therefore
Clx,v,h)=((x—v|+|lv—h|l+|x—hD"+i(lx—v|+|v—~h|+|x—h])" =0
(ii) Assumes that x # v # h. Then
Cix,v,h)=(x—v|+ lv=nh|+|x—hD)"+i(lx—v|+ |lv—~h|+|x—h])"
=lx—v|"+ilx—v|" >0,
(iii) Since |x —v|<|x—h|+ |v—h|,
we have
Co,x,v)X(x—=v|+ |lv—nh|+|x—h)D"+i(lx—v|+|v—"~|+ |x—h])" = C(x,v, h).
(iv) Clearly, (x, v, h) = C(Q{x, v, h}) , where Q permutation of x, v, h.
(V) Clx,v,h) = (Jx—v|+ lv—h|+|x—h)D)"+i(Jx —v|+ |[v—"h|+ |x—h|])"
<3(x—tl+|e—tl +lr—yl+ |y —yD +3i(x —1l
He—tl+lt—yl+ly—yI"+@ —hD" + 37ty — A"
=3(Cl, 7,0 +C(ry, V) + Cy, v, h)).
Hence, (X, G) is a RG,M space with s = 3"~ but it is not a ¢ -metric on C indeed by taking x =
3, v=5 h=7and t =4,y = 6, we have

CB57) =z(3-5/+I5-7I+[3-7D2 =2 >2=Cx,7,0) +CTy.Y) + Cl, v, h)
4 16 16
=ststy

Example 2.7. The function defines by
Cp(x,v,h) = max{|x —v|,|v—h|, |x — h|} + imax{|x — v|,|lv — k|, |x — h|}"
On X =[0,1), for every x, h, v € X and non-negative distinct points L, 0 € X\{x, v, h},and all (r € N)
(i) If C(x,v, h) = 0, then,
max{|x —v|,|v —hl|,|x — h|}" + imax{|x —v|,|v —h|, [x — h|}" =0,
Then
max{|x —v|,|v—hl|,|x — h|}” =0 and imax{|x —v|,|v—hl|,|x — h|}" =0,
Hence x = v = h.
Therefore
C(x,v,h) = max{|x —v|,|lv—h|, |x — h|}" + imax{|x — v|,|v — hl|,|x — h|}" = 0.
(ii) Suppose that x # v # h.
Then
C(x,v,h) = max{|x —v|,|v — h|, |x — h|}" + imax{|x — v|, |v — h|, |x — h|}"
=lx—v|"+ilx—v|" >0,
(iii) Since |x — v| <|x — h| + |v — h| we have
Clx,x,v) = max(|x — x|, |x —v|, |x —v])"+imax(|x — x|, |x — v|, |x — v])"
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=|x—v|"+i|lx —v|"

SKmax(|x —v|,|lv—=~n]|, |x = h])" + imax(|x — v|,|v — h|, |x — h|])"
= C(x,w, h).
(iv) It is easy show that (x, v, h) = C(Q{x, v, h}) , where Q permutation of x, v, h.
(v) Lemma (2.4) implies that
Clx,v,h) =max(|lx —v|,|v—hl|,|x — h])" + imax(|x — v|,|v — k|, |x — h])"
< 3" YL —-h)D"+i3" (L - R
= 3( C(x,q,9) +C(qg,0,0) + C(o,v, h)), forall q,0 € X\ {x, v, h}

Hence, (X, G) is a RG,MS with s = 3""1 but (X, () is not a complex valued RG- metric spaces when r #

1 1 1 1 1.
1, x==-, v=-,h=-andfor q =-and o0 = —, with r = 2.
2 7 4 3 12

C(x,v,h) = max(|x —v|,| v — k|, |x — h])?+imax(|x — v|,|v — h|, |x — h|)?
25 . 25 17 . 17
et e " tite = (C(x,q,q) + C(q,0,0) + C(o,v,h)).
Proposition 2. 6. Let (X, C) bea RC;MS and ¢ > 0, then for each x,v,h € X, we have:
(1) ifC(x,v,h) = 0,thenx = v =h;
(2) Cp(x,v,h) = 5(Cp(x,x,v) + Cp(x,x,h), forall x,v,he X,
3) Cp(x,v,v) = Zs(Cb(v, x,x));
(4) Co(x, v, 1) 3 5(Cr(x,a,v) + Cpla, v, b)),
(5) if C(x,, x¢,x;) < ¢, foranyr,t,l € N,then C(x,,x;,x;) < € and C(x,, x,, x;) < €.
In a usual manner, can define a rectangular b-metric space (RbM-space) by coefficients > 1
induced by RC, MS as below. Firstly, recalling the definition of RbM-space [21].
Definition 2.7. A function d: X X X — C is called RbM-space for a non-empty set X with a
coefficients > 1 if:
(Ddx,v) =0 x =1,
(2)d(x,v) =d(v,x),
(3) 3areal numbers > 1 satesfy
d(x,v) 2 s[d(x,c) +d(c,b) + d(b,v)]
for any different x,v € X,and all ¢,b € X \{x, v}.
Proposition 2.8. Let (X, C) be a R, MS. then the subsequent operation dG on X?
dC(x,v) = C(x,v,v) + C(v,x,x),
defines a RbM-space on X.
Proof: We will try to prove the conditions included in the definition 2.7 are fulfilled for dC(x, v).
(1) IfdC(x,v) =0, then C(x,v,v)+ C(v,x,x) =0 and according to Proposition 2.6, we have
X =v.
(2)If x = v, then C(x,v,v) + C(v,x,x) = 0,and dC(x,v) =0,
(3) Property (iv) of the Definition (2.2) implies that
dC(x,v) = Clx,v,v) + C(v,x,x) =C(v,x,x) + C(x,v,v) =dC(v,x).
(4) By (v) of the Definition (2.2), for distinct points ¢, e € X \{x, v}, it follows that
dC(x,v) = C(x,v,v) + C(v,x,x)
S s[Clx,0,90) + Clo,e,e) + Cle,v,v)] +s[C(v,e,e) + Cle, 9, 9) + Clo,x,x)]
= s[C(x, @,9) + Cl,x,x) + Clp,e,e) + Cle, 9, @) + Cle,v,v) + C(v,e,e)]
= s[dC(x, @) + dC(e, e) + dC(b, v)].
Definition 2.9. RC, MS is said to be symmetric if
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Clx,v,v) = C(x,x,v), forallx,veX.
Remark 2.10. The next example about rectangular ¢,-metric C is symmetric if
G —metric C* is symmetric.
We will use the following example
Example 2.11. [10] Let X = {a, p}, let, C, (o, a, @) = Cp(p, p,p) = 1, Cy(a, p, p) = 2, and extend
Cp forall of X X X X X by the symmetry property of the variables. Hence it easy expect that
Cp, is a Gp-metric but C,(a, p,p) # Cp(a, a, p)
Therefore, if RC, M —space is symmetric, then RC,MS is “topologically equivalent” to a CR,M-
space.

3. Topological Properties of CR(;, M-spaces
Firstly, begin with

Definition 3.1. Let (X, C) be a RC,MS, for x, € X, 0 <u € C then (-ball with radius r and
center xo and is B, (xo,u) = {v € X: G(xo, v, V) < u}.

Remark 3.2. the balls B, which open in RG,M space is not necessarily open set. In example
(23),

1n

B, (;,;) = {%, 1,2}, forn > 0,

and there is no open ball with centre 1 and contained in BCb G,g)

So that B¢, G, 2) cannot be an open set.

Proposition 3.3. Let (X, C) be a CR(,- space, then for any, x, € X, u > 0,, have,

(D) IfCp(xg,x,v) S u, then x,v € B, (xo, 1),

(2) If v € B, (%o, u) then there existsa 0 <y € C such that B, (j,¥) € B(xo, uw).

(3) The family B = {B, (x,u) : x € X,u > 0} constructs with the base of the topology on X.

Proof: The first part is getting from (Definition 2.2 (iii)), while (2) follows from (v) with
Yy =u — Cpu(xq, v,v). Therefore, this implies (3).

Proposition 3.4. Let (X, C) be a CRC,-MS therefore for any, x, € X, u > 0, we have,
1
BCb (xO' 5 u) c BdCb (xOI u') c BCb (XO, u)'
Remark 3.5. It should be noted that Hausdorffness property for CR,M space may be not
available always, such as, see the following example:

Example 3.6. Let (X, d;) be a CR,M space with s = 2, define C: X X X X X — C by the formula
Clx,v,h) ={dp(x,v),dp(x,h),dy(h,x)},
obviously, C satisfies conditions (i)-(iv) of the (Definition (2.2)), so we only need to verify that
(v) is hold. Indeed.
(1)if x #= v # h, then C(x, v, h) = {d(x,v),d,(x, h),d,(h,x)}.
(2) if x = v = h, then G(x, v, h) = G(x,x, h) = d,(x, h), for distinct points a, b € X \{x, v},
we have
C(x,v,h) 2 s[dy(x,a) +dy(a,b) + s{d,(b,v),d,(v,h),d,(h, b)}
= s[C(x,a,a) + C(a,b,b) + C(b,v, h)].
Hence, (X, C) be a CRC,- space with s = 2. However, there does not existany ry, , > 0, such that
B, (2,7)NB¢, (3,15) = @.
Thus (X, ¢) is not Hausdorff.
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Definition 3.7. Let (X, C) be a CR(,- space, {x,.}< X. and x € X. Then
(i) A sequence {x,.} is convergent to some x if for every € >0, 3 r, € N such that
C(x,x,,x¢) < €forallr,t > 1, anditisindicated by x,— x asr — oo.
(ii) A sequence{x,} is “Cauchy sequence” if for every € > 0 3 r, € N such that
C(xy, x¢,x) <€, forallr, t,l > .
(iii) If any Cp-Cauchy sequence in X is ¢j,-convergent to some element in X, the CRG; M-space
(X, C) is said to be complete.

Definition 3.8. If (X,C,) and (X’, C’b)are two CRGC,-metric spaces, so a function f: (X,(C,) —
(X’, C’b), then and only then, is it claimed that f is Cj-continuous to some point in X if and only if
forany € > 0, 3 d > 0and x,v € X, such that

Cp(a,x,v) < 0, implies C’b(f(a),f(x),f(v)) < e

Since metric topologies are (,-metric topologies, so we obtain:

Proposition 3.9. The function f: X = X' is ¢, —-continuous at a point x on X if and only if it
is Cp-sequentially continuous at some x, assuming that (X, C,), (X',C’,) are Cp-metric
spaces.

Proof: we can follow original proof in general metric space so we omit it.

Definition 3.10. Let (X, C;) isa CR(,-metric spaces, then the function G, (x, v, h) is collectively
continuous in each of its three variables.

Given the significance of these two lemmas and the fact that they are counterparts in [22], we
express them here for rectangular complex valued Cj-metric spaces.

Lemma 3.12. Let (X, C) be a RC, MS, and {x,.} is any sequence in X. Then this sequence {x, }to be
converges to some pointx in X, & | C(x,x,,x;)| — 0,as r,t > oo.

Lemma 3.13. For a complex RG, MS denoted by ( X, C) if {x, } is a sequence in X. Then {x, }to be
a Cp-Cauchy sequence in X, © |C(x,, x;,x;) | > 0asr —» oo,

4. Application to integral equations
Throughout this section, (X, ¢) will be Hausdorff and C will be continuous in three variables.
Firstly, recall Urysohn’s lemma.

Lemma 4.1[ 15]. A topology space (X,7) is considered a normal space. if and only if a function
f:X - [0,1] closed sets for all F; and F, of X, such that f(F,) =0, or f(F,) = 1.

Also define the quadratic Urysohn integral equation in the form

x(Q) = a@) + £(§,x(D) f u({,s,x(s))ds, {€R* =[0,00), ..(5)
0

Additionally, integral equations have specific instances. The form of the Urysohn integral
equation on bounded interval
T
xQ=a@+ [ w(@sx)ds, ¢e R,
0

and the Urysohn integral equation on unbounded interval

o)

x({) =a(d) +f u(¢,s,x(s))ds, { € R
0

Are special cases of the equation (1), among others, the integral equation in (5) has a continuous

and bounded solution on R* which vanishes at infinity.
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Definition 4.2. Let S and T be mappings from a CRC, MS (X, C ) into itself. The mappings S and
are said to be compatible if C(STx,., TSx,) = 0, whenever {x, }is a sequence in X, such that
limTx, = lim Sx,, = c , for some c € X.

T—00 n—-oo
We will present the following main theorem, which gives the possibility of application in another
field, as will be discussed later.
Theorem 4.3. Let (X,C,) be complete CRC,MS and S, T,W,yY,R,y: X XX XX - X be self
mappings hold the conditions:
() SX) cyYX), T(X) c R(X) and W(X) c y(X).
(i) d(Sy, T, Wy,) = Siz(;(x, v, h),ifs >1and A € (0,1) forall x,v, h € X, where
C(X, v, h) = {d( l/)x' Rv' )/h)i d(lpx' Sx' Sx)! d(Rv' Tv! Tv)' d((h! Wh' Wh)r
[d (yhr er Tv) + d(Rv: Tv’ Wh) + d(lpx' Sx' Wh) + d(yh’ Wh' Tv) + d(l/)x: Sx: Tv)]'

d(lpx' Sx' Sx): d(Rv: Tv» Tv)’ d(yh’ Wh' Wh)}
1+ d(lpx' Ry, yh) ’
(iii) (S, R,y), is compatible and (T, ¥, y)and (W, 1y, R) is weakly compatible,
(iv) Either S or T or W is continuous.
Then S, T, W,y, R and y have unique common fixed point in X.

W =

Our first new results in this section are the following Urysohn-type integral equation. Consider
the system

@ =[] U8 sx@)ds + £(Q) x(Q)
= [ Ux(¢sx(D)ds + k(Q) x(0)

=J, Us(¢s,x(0)ds +p(Q). .. (6)
where f({),p({) and k({) are unknown variables for each ¢ € [&, ®],& > 0,
x({) is the deterministic free term defined for ¢ € [&, ®],
U,((,s),U,(¢,s) and U3((, s) are deterministic kernels defined for {,s € [&, ®].

Theorem 4.4. For (X,C) which be a complete C RC; MS there are parameter s > 1 and
S,T,R: X X X X X = Cbe mappings. If there are three mappings «, P, L,J: C, — [0,1) considers
all these elements x, v, h,u,s,p,c,j,d € X, we get
Dax)+ P)+Lx)+](x)<1,
(i) C(S(Cx,v,h),T(u,s,p),R(c,j,d))
<a C(x,u,c),Cv,s,)),C(hp,d) L p G(S(x,v,h),T(w,s,p),R(c,j, d)),Cx,u, c)
3 1+ C(x,u,¢),C(v,s,)),C(h,p,d)
C(S(x, v,h), T(u,s,p),R(c,]j, d)), C(,v,d)
1+ C(xu, ), Cw,s,)),C(h,p,d)
C(S(x, v,h), T(u,s,p),R(c,j, d)), C(h,v, k)

1+ C(x,u,c),C(v,s,)),Clh,p,d)
Then, in X, S, T and R have tripled common fixed point which are unique.

Proof: For x,, vy, and h, represent any location within X. We create the sequence {x,.}, {v,}
and {h,} in X such that

X3r+1 = S(x3r’ V3, hsy ), U3r+1 = 5(V3r ) X379 Rz ), h3rsq = S(hSr » U3pry X3p ),
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Xare2 = T(X3r41, Vara1  are1 )y Varaz = T(Vsre1s X3r410 Raren ),
hsryz = T(R3ry1, Vari1, X3rs1 )
X3r+3 = R(X3r42, V3ri2, Rarez), Vary3 = R(Vary2, X3r42, 3ri2 ),
hsr+s = R(Rari2, Varez, X3p42 ), forallr = 0.
Then, for all r = 0, we have
COrsre1r X3r42, X3r43) = C(S(xar, Var, har ), T (X3r41, Vare1 s Raren ) R(X3r42, Variz  Raryz )
C(x3r, X3r41, X3r+2), C(V3r, V3r41, V3r42), C(R3r, R3ri1, R3rt2)
3
C(S(x3r,v3r, har ), T (X341, V3r41 s Rare1 ) R(X3ri2, Varaz, Rariz ) C(Xar, X371, X3742)
14 C(x3r, X341, X3r42) + C(V3r, V3r41, Vara2) + Clhsy, Raryq, Rary)

C(S(x3r, V3r s har ), T (X341, Varsn s Raran ) R(X3r42) Varaz s are2 ) C(War Vri1, Vsra2)
1+ Clxsr, X3r41, X3r42) + C(W3r, V341, Vars2) + Clhsy, hari, Raryn)
C(S(x3r, V3r, har ), T (X3r41, Vars1 s Nars1 ) R(X3r42) V3ra2, ari2 ))C(hsy, Rariq, haryo)
14 C(x3r, X341, X3r42) + C(V3r, V3r41, Vara2) + Clhsy, Rargq, Rary)

< «a

+P

+ L

+J

Implies that
(1-P—L— NC(X3741, X3r42, X3743)
a a
< ga C(X3p X3r41, X3r42) T 3 C(V3r) V3r41, V3ra2) + 3 C(hsy, h3ry1, Rari2)

Hence

a
3 C(X37) X3741, X3742)

C(x3r+1, X3r4+2) X3r43) < (1-P—L—)) - (8)
Also, we can show that
a
3 C(V3r V3r41s Varaz)
C(V3r+1, Var+a) Vares) S (1-P—L—)) -« (9)
And
a
? C(h3r' h3r+1' h3r+2)
C(h3r+1r h3r+2' h3r+3) < (10)

A-P-L-))
Applying (8), (9) and (10) we get

C(X3r+1) X3r42, X3r43) T C(V3p41, V3rs2, Vars3) T CR3ri1, Azriz, Raris)
a
< A-P=L=) [C(x3r) X341, X3742) + C(V3p, V3r41, V3r42) + C(R3p, h3pg1, Rzri2)]-

Therefore
C(X3r41) X3r42, X3r43) T C(V3741, V3ri2, V3r43) T C(h3ri1, Rzryz, Nargs)
< M[C(X3p) X341, X3742) T C(V3y, V3ri1, Vars2) + C(h3y, h3pyq, hari2)],
where
M = ¢ <1
- (1-P-L-))
and

C(X3r42, X3r43, X3r44) T C(V3r42, V3r43, Varea) + C(Rzriz, haris, Raria)
S M C(X3r41, X342, X3r43) T C(V3r41, Vara2, Vare3) + Chsrs1, Rari, Raris)
< MP[C(x3r, X341, X3742) + C(V31, V3r41, V3r42) + C(R3p h3ri1, hara2)]:
Continuing with process we have
C(er Xr+1) xr+2) + C(vr' Ur+1, vr+2) + C(hr' hr+1' hr+2)
S M C(xr—1, X, Xpr41) + CUr—1, U, Vrp1) + ClAr_q, Ay, Brgq)
< MP[CCxr—2 X1, %) + CWr—g, Vr1, V) + C(hr g, hy 1, )]

S = Mr[[C(xO'xlf-XZ) + C(UO' V1, 172) + C(hOﬂ h1; hz)]
205



If C(xr: Xr+1) xr+2) + C(Ur’ Ur41, vr+2) + C(hr’ hr+1' hr+2) = Cr,
Therefore G, < MC,_; < M?Gp_y < -+ < MTG,.
By definition (2.2) and (9) we get
C(xr: xr+1rxr+1) + C(Ur’vr+1» vr+1) + C(hr’ hr+1: hr+1) < Cr < MTCO-
For m >,
C(xT" xm' xm) + C(vr: Um’ Um) + C(hr’ hm» hm)
< S[CCtr Xpp1, Xpg1) + COGy1, X, X)) + C(Vp, Vrgq, Vpgr) +
C(Vr+1r Um » Um) + C(hrr hr+1' hr+1) + C(hr+1' hm ’ hm)]
< S[C(xr: Xr+1 xr+1) + C(Ur: Ur+1 vr+1) + C(hr: hr+1' hr+1)]
+52 [C(xr+1: Xr+2, xr+2) + C(vr+1' VUr+2, vr+2) + C(hr+1' hr+2: hr+2)]
+ -t s [C(xm—l' Xm., xm) + C(vm—lf Um. Um) + C(hm—lr hm' hm)]
S SM"Gy + s2M™1Cy + -+ + s™mTTM™TIC,
sM”
1—sM
We get that {x,.}, {v,-}and {h,} are “Cauchy sequences in X."
By completeness of (;, — metric space,so 3 x,v,h € X we get
X, =X, v, >v,h.—>h, as r — oo,
Now let us prove that by contrary
Let x = S(x,v,h), v=S(w,h,x)and h = S(h, x,v),
Suppose that x # S(x,v,h), v+ (v,h,x), h # S(h, x,v).
Therefore
C(x,S(x, v, h),S(x,v, h)) =10,>0, C(U,S(v, h,x),S(v, h, x)) =10,>0,
andC(h, S(h,x,v),S(h,x,v)) = 13> 0.
After use inequality (1), we have
L, = G(x, S(x,v,h),S(x,v,h))

< S[C(x! Xr+1 xT‘+1) + C(xr+1' S(x, v, h), S(x, v, h))]

< S[C(X, Xpy 1, Xrpy) + S CCrr, x,x) + C(vr,gv, ) + C(hy, b, h)

C(S(XT-, xr: xT‘)I S(.X, v, h), S(.X, v, h))C(x‘rJ X, X)
1+ C(x,, x,x) + C(v,, v,v) + C(h,, h,h)

<sM"[1+sM + (sM)? +---]Co = Co—0, as 7 - oo

+B

C(SCxy, xp, %), S(x,v,h), S(x,v, 1)), S (v, v, V)
1+ C(x,, x,x) + C(v., v,v) + C(h,, h,h)
C(S(xy, x7, %), S(x, v, h), S(x, v, h))C(hy, h, B)
1+ C(x,, x,x) + C(v,,v,v) + C(h,, h,h)
Since {x,}, {v,}and {h,} are convergent to x,v and h,
Then as r — oo we take the limit we have
l; < 0, which is contradiction, hence C(x, S(x,v,h),S(x,v, h)) =0,
So x = S(x,v, h). Similarly, v = S(v,h,x) and h = S(h, x,v),
And by the same procedures we get
x = T(x,v,h). Similarly, v =T(v,h,x) and h = T(h, x,v)
and
x = R(x,v, h).Similarly, v = R(v,h,x) and h = R(h, x, v).
Hence (x,v, h) is “common tripled fixed point” of S, T and R.
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Let us prove the existence and this fixed point is unique. assume that
There is (b, [, 7) is the second common fixed pointin S, T and R.
Therefore by (7) we get
C(x,b,b) = C(S(x, v,h), T(b,l,7),R(b,I, T))
. (C(x,b,b) + C(s, LD, C(h,1,7))
C(S(x,v,h), T(b,1,7),R(b,1,7))C(x,b,b) C(S(x, v,h), T(b,l,7),R(b,1, T))C(v, LD
1+ C(x,b,b) +C(w,,1),C(h,1,7) YTy C(x,b,b) + C(v,L,1),C(h,T,T)
C(S(x, v,h), T(b,1,7),R(b,1, T))C(h, T,7)
1+ C(x,b,b) +C(v,,1),C(h,7,7)
=

C(x,b,b) < %[C(x, b,b) + C(v,I,1) + C(h,7,7)] + BC(x,b,b) + yC(x,b.b) + nC(x, b, b)
= (1-5-B—v—nCbb) <3 CWwLD,Clh7),
= C(x,b,b) S gy S LD.CRT D, . (11)
Similarly
C. LD < Goamgp sy S0 b.b). G T, D), . (12)
Also C(h7,7) < z C(x,b,b),C(v,1,1) . (13)

(3-a-3P— 3L-3I)
From (11), (12), (13) we have

Clx,b,b) + C(v,I,1) + C(h,7,7) <

G_a- 3Pa_ 3L=3D [C(x,b,b) + C(v, [, 1) + C(h,T,7)]

Then [1-——7=—51 [C(x,b,b) + C(v, L) + C(h,7,D)] <0,
3l—a—P—-L-))
-
(3—a-3P— 3L-3I)

Sincel —a@—P— L—] <1,2070PL7) o
(3—a—3P-3L-3I)

[C(x,b,b) + C(v,,1) + C(h,T,7)] <0,

Therefore
C(x,b,b) + C(v,,D) + C(h,t,T) =0
Thatis mean x = b, v = [ and h = 7 therefore (x,v,h) = (b, 1, 7).
Then S,T and R have unique tripled common fixed point.m
Theorem 4.5. Let X =C ([, ®], R"), & > 0 and Cp: X xX X X — C is a mapping satisfying:
Cp(x, v, h) = maxgeps,a) (|12 — v(DI| + | [v(Q) = ROI| + [1x() — R(OI|)VI + d2eitan 9,
forallx,v,h€ X,and{ € [&,®] C R.
According to Urysohn’s integral equations in (12)
Assume that U,, U, and U;:[&, @] X [, ®] X [&, ®] = R” such that F,, G, and H,, € X, for each x €
X.
Where

E(Q) = f U1(¢5,2(D)ds, Gy(Q) = j U,(¢,5,x(0))ds,

Hx(9) = Us(Z,5,x(0))
if3s>1,4€ (0,1) consider the inequality
Ax, v, h)(0) 3 SR, v, W), . (14)
Where

R(x,v,h) = max{D(x,v, W) (), B(x,v,h)({), C(x,v, h)({), E(x, v, ) ({),
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1
3 [BCuv, () + CCxv, W) + E(x, v, (D],

B(x,v,h)({),C(x,v,h)({),E(x,v, h)(()}
14+ D(x,v,h)(Q) ’

and
ACe, v, h)(Q) = (1(F(9) = Gu(§)) + (G (§) — Hr($)) + (F(§) — k(£)) + (k(O)
— (D) ”meitan ‘1&’
B, v, h)(Q) = |x(0) — F()) = FO)IIN1 + 62eitan”
CE v, W@ = @) = 6,Q) = k(I + 62eitan ™9,
EC6v,h) (@) = | h(@) = H(@) = p()IV1 + 82t 7,
DCx, v, @) = || (x(9) = v(©) + W) — h(O)IIVT + 2¢eitan e,

holds for all x, v, h € X . therefore, “system of Urysohn’s integral equations” has unique common
solution in X .

Proof: First define two mappings S, T,W:X = X byS, =F. +f, T, =G, +k, W, = H, + p.

Then,

i
)

Cb (er Tx' VVx) =
I(F@) = Go@) + (6o = Ha@)) + () = k(D) + k() = p@)) llor VIFSeitan ™,
Gy (X, S, S2) = 12(0) = E(O) = F(Dllow VI + 52eitan 0,

Co(¥,55,Sp) = [[0(0) = G, (Q) = R(Dllr VI +0Zeitan ™,
Cp (h, T, Ty) = maxze(osll h(Q) — Hy(Q) = p(Dllwy/ 1 + 62eiten 70,
Cp(x, v, h) = maxzejs,all(x(0) = v(©) + () — h(D)lloov/ 1 + d2eit@n 79,

From assumption (9), for each { € [&, @] we have:
A
A(x, v, h) (C) < 5_3 R(X, v, h) ({)
A
S sgmax{D(x,v,h)(€), B(x, v, h)(§), C(x, v, h)(§), E(x, v, h)(E),

1
§ [B (x, v, h) (Z) + C(x' v, h) (Z) + E(X', v, h) (()]:

B(x,v,h)({),C(x,v,h)({), E(x,v, h)(()}
1+ D(x,v,h)(Q) ’

Which implies that
maxge[(»,,(;)]A(x, v,h)({)

A
=~ S_3max{E[6',(I)] max{D (x, v, h) (()t B(X, U, h) (Z); C(x' v, h) (Z); E(x' v, h') (();

S[BCo, @) + € v, D) +EC v, O]

B(x,v,h)({),C(x,v,h)({), E(x,v, h)(()}
14+ D(x,v,h)(Q) ’

A
< 3 max{maxge[s,q D (x, v, h)({), maxges,q1B(x, v, h)({),
max(E[é’,(I)] C(x, v, h) ({); max{E[é’,G)]E(xl v, h) (();
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1
§ [max{E[é‘,(I)]B(xJ v, h) (() + max(E[fr,GJ]C(x’ v, h) (O + max(E[f)’,(I)]E(x' v, h) (Z)]:

maxze(s,s1B(x, v, h) (), maxzers,q)C (x, v, ) (), maxzeqs,a E (x, v, h) (¢ )}
1+ maxzepq,pD(x, v, h)(Q)

)

Therefore,

A
Cb(Sx' TvJ Wh) 3 S_3 max{ Cb (x; v, h); Cb (X, Sx' Sx)r Cb (U, Tv' Tv)l Cb (hr Wh' Wh)r

1
§ [Cb(xP Tv; Wh)(() + Cb (Wr er Wh)(() + Cb (h" T‘U! Sx)(()]:
Cb (x; Sx; Sx)' d(v; Tv; T’U)I d(h' Whl Wh)
1+ Cy(x,v,h) )

Hence, every condition (Theorem 4.4) withy = R = { = [,.
From the foregoing, we were able to prove the unity of the system of Urysohn which pertains
integral equations has unique common solution in X. m
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