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Introduction:

A well-known concept to start with is 2-Absorbing sub-modules, where a proper sub-
module S of an R-module D is called 2-Absorbing if whenever abd € S, for a,b € R, d € D,
implies either ad € S or bd € S or abD € S [1]. This concept was generalized to Semi-2-
Absorbing, Primary-2-Absorbing, and Quasi-2-Absorbing sub-modules see [2, 3, and 4].
Recently the concept of 2-Absorbing sub-modules was generalized to (Pseudo-2-Absorbing,
Pseudo Semi-2-Absorbing, Pseudo Quasi-2-Absorbing, and Pseudo Primary-2-Absorbing) sub-
modules see [5, 6, and 7]. In this research, we introduce a new generalization of 2-Absorbing
sub-modules, which we called Nearly Semi-2-Absorbing sub-modules, and we show by
example every 2-Absorbing (Semi-2-Absorbing) sub-module is Nearly Semi-2-Absorbing sub-
module, but not conversely.
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Basic Concept:
In this part, we recall some basic definitions, proportions, and remarks that we need
themes in the sequel.

Definition (2.1)[2]. A proper sub-module S of an R-module D is called Semi-2-Absorbing if
whenever a?d € S, for a € R, d € D, implies either ad € S or a?D C S.

Definition (2.2)[8]. The Jacobson radical of an R-module D is denoted by 7(D), defined as the
intersection of all maximal sub-modules of D.

Definition (2.3)[10]. An R-module D is called semi-simple if each sub-module of D is a direct
summand of D.

Proposition (2.4)[8, Ex. (12)]. If S is a sub-module of an R-moduleD, such that § is a direct

summand of D, then 7 (?) = 7(DS)+S.

Definition (2.5)[11]. [S:p I] = {d € D:dI < S}, where S is a sub-module of an R-module D,
and [ is a non-zero ideal of R. [S: , I] is a sub-module of D containing S and [I: R] = I.

Definition (2.6)[12]. An R-module D is multiplication if each sub-module S of D is of the form
S = ID for some ideal I of R. Equivalently, D is multiplication if S = [S:g D]D.

Definition (2.7)[2]. A sub-module S and L of a multiplication R-module D with S =1ID, L =
ID, for some ideals I and J of R. The product SL = IS.9L = 19D, that is SL = IL, in particular
SD = IDD = ID = §. Also for any d € D we have d = Rd as a sub-module of D.

Definition (2.8)[8]. An R-module D is a projective if for any R-epimorphism f from an R-
module D on to an R-module D and for any homomorphism g from an R-module D to D, there
exists a homomorphism h from D to D such that f o h = g.

Proposition (2.9) [8, The. (9.2.1)(g)]. If D is a projective R-module, then 7(R)D = J(D).
Definition (2.10)[8]. An R-module D is faithful if ann(D) = {r € R:rd = (0)} = (0).

Proposition (2.11)[13, Rem. p.14]. Let D be faithful multiplication R-module, then 7(D) =
JR)D.

Definition (2.12)[14]. An R-module D is said content if (N;e; 4;)D = N;e; A; D, for some
family of ideals 4; in R.

Proposition (2.13)[13, pro. (1.11)]. If D is content R-module, then 7(D) = J(R)D.
Definition (2.14)[8]. R is a good ring if I(R)D = J(D).
Definition (2.15)[11]. A ring R is said to be local ring if R has a unique maximal ideal.

Proposition (2.16) [15, pro. (1.12)]. If D is an R-module over local ring R, then 7(R)D =
(D).
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Proposition (2.17) [8, cor. (9.7.3)(b)]. If R is an Artinian ring, then R is a good ring.

Proposition (2.18)[16, cor. (9)]. If D is a finitely-generated multiplication R-module, I; and
I, are ideals in R. Then I;D € [,D if and only if I; € I, + anng(D).

Definition (2.19)[17]. A ring R is v-ring if for any R-module 7(D) = 0.

R
ann(d)

Definition (2.20)[18]. An R-module D is called regular if

isregular vd € D.

Proposition (2.21)[19, pro. (3.9)]. Let D be a regular module, then (D) = 0.

Proposition (2.22)[8, pro. (9.1.4)(b)]. If S is a sub-module of an R-module D, with 7 (g) =0,
then J(D) C S.

Nearly Semi-2-Absorbing Sub-modules:

This section introduces the definition of the Nearly Semi-2-Absorbing submodule, which
appears in [9], and gives several basic properties, characterizations, and examples of this
notion.

Definition (3.1): A proper sub-module S of an R-module D is said to be Nearly Semi-2-
Absorbing sub-module of D, if whenever r%d € S, for r €R, d € D, implies either rd € S +
J(D) or r?d € [S+ I(D): D]. And a proper ideal J of a ring R is said to be Nearly Semi-2-
Absorbing ideal if 7 is Nearly Semi-2-Absorbing sub-module of an R-module R.

Remark (3.2): It's obvious that every 2-Absorbing sub-module is Nearly Semi-2-Absorbing,
but contrariwise isn't true as in the example.

Example (3.3): Consider the Z-module Z,5 and sub-module S = (8). It is apparent that S is
Nearly a Semi-2-Absorbing sub-module because S + 7(Z,g) = (8) + (6) = (2), but S is not a 2-
Absorbing sub-module of Z,5. Since 2.2.2 €S, for 2€ Z, 2 € Z,g, implies 2.2 ¢ S and
2.2.(Zg) £S.

Remark (3.4): It's obvious that every Semi-2-Absorbing sub-module is Nearly Semi-2-
Absorbing, but contrariwise isn't true as in the example.

Example (3.5): The sub-module S = (12) is Nearly Semi-2-Absorbing sub-module of Z,g,
because S + 7(Z,5) = (12) + (6) = (2) but S is not Semi-2-Absorbing, because 22.3 € S, for
2€Z,3 € Z,g implies 2.3 & S and 22(Zg) € S.

The propositions that follow are characterizations of Nearly Semi-2-Absorbing sub-
modules.

Proposition (3.6): A proper sub-module S of an R-module D is Nearly Semi-2-Absorbing sub-
module of D if and only if for any r € R such thatr? & [S + J(D) :x D], then [S:p7?] €
[S + g(D) D T'].
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Proof: =) letd € [S:p 2], then r2d € S. Since S is Nearly Semi-2-Absorbing sub-module of D
and 7% & [S+ J(D) :x D], it follows that rd € S + J(D). Thus d € [S + I(D):p r]. Therefore
[S:D TZ] c [S + g(D)D T].

&) Letr’deSforreR, d €D andletr? ¢ [S+IJ(D):gD]. Butd € [S:pr?] S [S+ I(D):p7].
It follows that d € [S + J(D):p ], that is rd € S +I(D). Hence S Nearly Semi-2-Absorbing
sub-module of D.

Proposition (3.7): Let S be a proper sub-module of an R-moduleD. Then S is a Nearly Semi-2-
Absorbing sub-module of D if and only if I2L € S for I is an ideal of R and L is a sub-module of
D, which implies that either IL € S + (D) orI?> € [S + J(D):zx D].

Proof: =) Let I?L € Sfor I is an ideal of R and L is a sub-module of D, with I? & [S +
J(D):x D] and S is Nearly Semi-2-Absorbing sub-module of D. To prove that IL € S + J(D). Let
y € IL, implies that y = r1y1 + 1y, + -+ 1y, forrp €1 and y; € L, j = 1,2,...,n, it follows

ri%y; € I?’L € S. That is r;y; € S. But S is Nearly Semi-2-Absorbing sub-module of D, then
]y] €S+I(D) and 7 (7‘5 [S+3(D):xg D] for each j=1,23,...,n, thus ry; +ry, +-+
WYn €S +I(D), thatisy € S + J(D). Hence IL € S + I(D).

&) Suppose that r2d € S for r €R and d € D, implies that (r?){(d) € S. Thus by our
assumption we have either (r)}{(d) € S + 7(D) or (r?) € [S + I(D):x D]. That is rd € (r){d) <
S+3(D) or r? € (r?) €[S+ I(D):x D], that is either rd € S+ J(D) or r2 € [S + I(D):x D].
Hence S is Nearly Semi-2-Absorbing sub-module ofD.

The following corollaries result from a direct application of proposition (3.7).

Corollaries (3.8): Let S be a proper sub-module of an R-module D. Then S is Nearly Semi-2-
Absorbing sub-module of D if and only if 72L € S for r € R and L is a sub-module of D, implies
that either 7L € S + J(D) orr? € [S + I(D):x D].

Corollary (3.9): Let S be the proper sub-module of an R-moduleD. Then S is Nearly a Semi-2-
Absorbing sub-module of D if and only if I?d € S for I is an ideal of R and d € D, implies that
either Id € S + J(D) orI? €[S+ I(D):x D].

The following results are some basic properties of Nearly Semi-2-Absorbing sub-modules.

Proposition (3.10): Let S be the Nearly Semi-2-Absorbing sub-module of an R-module D, and
L is a sub-module of D with L € S, then % is Nearly Semi-2-Absorbing sub-module of an R-

D
module -

Proof: Let r?(d + L) =r?d + L E% forreR d+1L E% , and d € D, implies that r2d € S.
Since S is Nearly a Semi-2-Absorbing sub-module of R then either rd € S + J3(D) or rZD c

S+ J(D) It follows that, either r(d + L) € —— SH(D) rr? L 2c S+Z(D) that is either r(d + L) € = +
S+Z(D) c-+ 7( ) or rz 2c i + S+Z(D) c-+ 7( ). Hence - 1s Nearly a Semi-2-Absorbing sub

module of ?.
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Proposition (3.11): Let S and K be sub-modules for a semisimple R-module D, such that K ©

S and S is a proper sub-module of D. If K and % are Nearly Semi-2-Absorbing sub-modules of

D and % respectively, then S is Nearly Semi-2-Absorbing sub-module ofD.

Proof: Suppose K and % are Nearly Semi-2-Absorbing sub-modules for D and g, respectively,

and let I2d < S, for I is an ideal of Rand d € D. So I2(d + K) = I?d + K € % If I2d € K and K

is Nearly Semi-2-Absorbing sub-modules of D, implies that by corollary (3.9) either Id € K +
J(D) €S+ I(D) or I?’D €K +3J(D) S S+ 3J(D), hence S is Nearly Semi-2-Absorbing sub-
modules for D. Now, we may assume that I?d € K. It follows that I?(d + K) € % , but % is

Nearly Semi-2-Absorbing sub-modules of % again by corollary (3.9) either I(d + K) € %+

7(%) or 12§§§+7(§). Since D is semi-simple, that is, every sub-module is a direct

summand, and hence by proposition (2.4), either I(d + K) S % + %(m or 12% c % + %(m.
But K C §, it follows that K +J(D) € S + J(D), hence %+ %(m c £+ S+Z{(D) = S+Z{(D). Thus

either I(d + K) < %(D) or 12% c %(m, it follows that either Id € S+ J(D) or I?°D € S +

J(D). Hence, by corollary (3.9), S is Nearly Semi-2-Absorbing sub-modules of D.

Proposition (3.12): Let D be an R-module with 7(D) as a Semi-2-Absorbing sub-module of D.
If S is a proper sub-module of D such that S € 7(D), then S is Nearly Semi-2-Absorbing sub-
module of D.

Proof: Let r2L € Sfor r €R and L is a sub-module of D. Since S € 7(D), so r?L € 7(D).
However, 7(D) is Semi-2-Absorbing sub-module, then either L € J(D) € S+ J(D) orr?D €
J(D) € S+ J(D). That is either rL €S+ J(D) or r? € [S+ J(D):x D]. Hence by Corollary
(3.8) S is Nearly Semi-2-Absorbing sub-module of D.

Proposition (3.13): Let D = D; @ D, be an R-module where D,, D, are R-modules and § =
S1 @ S,;be a sub-module of D, where S;,S, are sub-modules of D;, D, respectively and S ©
J(D). If § is Nearly Semi-2-Absorbing sub-module of D, then §;,S, are Nearly Semi-2-
Absorbing sub-modules of D;, D, respectively.

Proof: let r?d, € S; for r € R, d; € D;. It follows that r2(d;,0) €S; D S,. But S =S, D S, is
Nearly Semi-2-Absorbing sub-module, then either r(d;,0) € S; ® S, + 7(D; @ D,) or r?D €
S, @S, +I(Dy ® D,). But S I(D), then S+ I(D) =I(D) =I(D; ® Dy) = I(Dy) D (D).
Thus either r(d,,0) € 3(D;) @ I(D,) or r2D € 7(D,) @ 3(D,). It follows that either rd; €
J(D;) €S, +3(D;) or r2D € 3(D,) € S; + I(D,). Hence S; is Nearly Semi-2-Absorbing sub-
modules of D;.

In the same way S, is Nearly Semi-2-Absorbing sub-modules of D,.

Proposition (3.14): Let D = D; @ D, be an R-module with D;, D, are R-modules and S be a
sub-module of D,, with 7(D;) € S; and (D, & D,) € S; @ D,. Then S, is a Nearly Semi-2-
Absorbing sub-module of D, if and only if S; @ D, is a Nearly Semi-2-Absorbing sub-module
of D.
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Proof: =) Suppose that S; is Nearly Semi-2-Absorbing sub-module of D; with 7(D;) € S; and
J(D,; ®D,) €S, D D, and let r%(d,,d,) € S; ® D, for r € R, (dy,d,) € D; D D,, where d; €
D, and d, € D,, implies that r%d,; € S, and r?d, € D,. by hypothesis either rd; € S + 7(D,) or
r?D, € S +3J(D,).But 3(D,) € S;, thenS; +3(D,;) = S;, it follows that either rd; € S; or
r2D, € S, thus eitherr(d,,d,) €S, P D, =S, ®D, +I(D,; ®D,)orr’DC S, B D, =S, ®
D, +3(D, @ D,).Hence S; @ D, is Nearly Semi-2-Absorbing sub-modules of D; @ D,.

<) Now, assume S; @ D, is Nearly Semi-2-Absorbing sub-modules of D; @ D,, with
J(D, B D,) €S, @ D, and r2d, € S, for r € R, d; € D;. implies that r*(d,,d,) € S; @ D, for
each d, € D,. By hypothesis either r(d,d;) €S, ® D, +I(D, DB D,)=S, DD, or
r’(D,®D,) S, ®D, +I(D, BD,) =S, D D,. Then either rd; €S, S, +I3(D;) or
r?D; €S, €S, +J(D,) . Hence S; is a Nearly Semi-2-Absorbing sub-module of D;.

Proposition (3.15): Let D = D; @ D, be an R-module with D;, D, be an R-modules and S be
a sub-module of D;, with 7(D,) € S, and (D, @ D,) € D, @ S,. Then S, is Nearly Semi-2-
Absorbing sub-module of D, if and only if D; @ S, is Nearly Semi-2-Absorbing sub-modules of
D.

Proof: Similarly as in proposition (3.14).

Proposition (3.16): Let D be an R-module, and S be a proper sub-module of D, such that
J(D) € S. Then S is Nearly a Semi-2-Absorbing sub-module of D if and only if [S:; I] is Nearly
a Semi-2-Absorbing sub-module of D for each ideal I of R.

Proof: =) Let r2K € [S:p I] for r € R, K is a sub-module of D, hence r?(IK) € S. But S is
Nearly Semi-2-Absorbing sub-module of D, implies either 7(IK) €S+ 3J(D) or r?D € S +
J(D). But I(D) € S, then S + J(D) = S. Thus rIK < S, then either rK < [S:p [] or 7D € S €
[S:p I]. That is either rK € [S:p I] +J(D) or r2D € [S:p 1] + (D). Hence [S:pI] is Nearly
Semi-2-Absorbing sub-module of D.

&) Suppose [S:p I] is Nearly Semi-2-Absorbing sub-module of D, for every non-zero ideal I of
R.Put] = R, we get [S:p R] = S is Nearly Semi-2-Absorbing sub-module of D.

Characterizations of Nearly Semi-2-Absorbing Sub-modules in a class of Multiplication
Modules:

In this part of the research, we introduce different characterizations of the Nearly Semi-2-
Absorbing sub-module in a class of multiplication modules.

Proposition (4.1): A proper sub-module S of a multiplication R-module D is Nearly Semi-2-
Absorbing if and only if H2K € S for H and K are sub-modules of D, which implies that either
HK €S+ 3(D)orH? € S +7(D).

Proof: =) Let H2K € S for H, K are sub-modules of multiplication module D; it follows
(ID)?(ID) = I?ID € S for some ideals I, 7 in R. Since S is Nearly Semi-2-Absorbing sub-
module of D, then by proposition (3.7) we have either I7D € S + 7(D) or I?> €[S + (D) :x D],
that is either HK € S + (D) or H> € S + (D).
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&) Let 72K € S for r € R, K is a sub-module of D. But D is a multiplication module, so K= ID
for some ideal I of R, it follows that r2ID € S, hence by hypothesis either rID € S + 7(D) or
r2 € [S +J(D) :g D]. That is either rK € S + 3(D) or r? € [S + J(D) :zx D]. Hence S is Nearly
Semi-2-Absorbing sub-module of D.

Proposition (4.2): A proper sub-module S of a multiplication R-module D is Nearly Semi-2-
Absorbing if and only if d,*d, € S for d;, d, € D, implies that either d;d, €S+ 7(D) or
d,> € S+ 1(D).

Proof: =) Let d,°d, € S for d,, d, € D, it follows that (d;)2(d,) S S. But D is a multiplication
module, then (d;)?= (ID)? = I?D and (d,) = ID for some ideals I and 7 in R, then I?JD C S,
since S is Nearly Semi-2-Absorbing sub-module, then by proposition (3.7) either I7D € S +
J(D)orI?’D < S + 3(D). That is either d;d, € S + (D) or d,* € S+ 9(D).

<) Clear.
The following corollaries result from a direct application of proposition (4.1).

Corollary (4.3): A proper sub-module S of a multiplication R-module D is Nearly Semi-2-
Absorbing if and only if H%k € S for H is a sub-module of D and k € D, implies that either
Hk €S+ 3J(D)or H> € S+ I(D).

Corollary (4.4): A proper sub-module S of a multiplication R-module D is Nearly Semi-2-
Absorbing if and only if d?K € S for K is a sub-module of D and d € D, implies that either
dK € S+7J(D)ord? < S +7J(D).

Remark (4.5): The residual of Nearly Semi-2-Absorbing sub-module not need to be Nearly
Semi-2-Absorbing ideal of R. The following example illustrates this.

Example (4.6): The sub-module S = (8) of the Z-module Z,g is Nearly-2-Absorbing by
example (3.3), but [S:; Z,g] = 87 it’s not Nearly-2-Absorbing ideal of Z, because 22.2 € 8Z for
2€Zbut2.2¢8Z2+73(Z) =8Z+ (0) =8Z.

The following propositions show that under certain condition that Nearly-2-Absorbing
sub-module implies the residual is Nearly-2-Absorbing ideal and conversely.

Proposition (4.7): Let S be a proper sub-module of a multiplication projective R-moduleD.
Then S is Nearly Semi-2-Absorbing sub-module of D if and only if [S:z D] is Nearly Semi-2-
Absorbing ideal of R.

Proof: =) Let I2r € [S:zx D] for r € R and some ideal I of R, hence I?rD € S. But S is Nearly
Semi-2-Absorbing sub-module of D, then by proposition (3.7) either IrD € S + J(D) or 12 €
[S+J(D):g D]. As D is multiplication, then S = [S:;zD]D and since D is projective
multiplication, then by proposition (2.9) (D) = J(R)D. Thus either IrD < [S:g D]D + I(R)D
or I?D € [S:;xD]D +I(R)D, hence either Ir € [S;zD]+IR) or I?C[S;xD]+IR) =
[[S:r D] + I(R): R]. Therefore [S:g D] is Nearly Semi-2-Absorbing ideal of R.
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&) Let H?d <€ S for H is a sub-module of D, and d € D, thus H?(d) € S. As D is multiplication,
then H = ID and (d) = ID for some ideals I, 7 in R, that is I?JD € S, implies that 127 €
[S:gr D], but [S:g D] is Nearly Semi-2-Absorbing ideal of R, then either I7 € [S:g D] + J(R) or
I € [[S:g D1+ IR):rR] = [S:zg D] + I(R), thus either 19D S [S;zgD]ID +I(R)D or I?D <
[S:x D]ID + J(R)D. Hence by proposition (2.9) either 17D € S + 7(D) or 1D € S + (D), thus
either Hd € 'K+ 7(D) or H?> € S + 3(D), hence S is Nearly Semi-2-Absorbing sub-module of
D.

Proposition (4.8): Let S be a proper sub-module of a faithful multiplication R-module D.
Then S is Nearly Semi-2-Absorbing sub-module of D if and only if [S:z D] is Nearly Semi-2-
Absorbing ideal of R.

Proof: =) Let 727 € [S:g D] for some ideal 7 of R and r € R, hence r?(7D) € S. But S is Nearly
Semi-2-Absorbing sub-module, then by corollary (3.8) either r(JD) €S+ J3(D) or r? €
[S + J(D):g D]. As D is multiplication, then S = [S:g D]D and since D is faithful multiplication,
then by proposition (2.11) 7(D) = J(R)D. Thus either 1(D) € [S:;zg D]D + I(R)D or r?D €
[S:x DID + I(R)D, thus either 17 € [S:zg D] + I(R) or r? € [S;zg D] + I(R) = [[S:x D] + IR):R].
Hence [S:g D] is Nearly Semi-2-Absorbing ideal of R.

&) Let H2L € S for H and L are a sub-modules of D. As D is a multiplication, then H = ID and
L = JD for some ideals I, 7 in R, that is I2JD € S, implies that I?J € [S:g D], but [S:zx D] is
Nearly Semi-2-Absorbing ideal of R, then either I7 € [S;zD]+JI(R) or 12 C [[S:R D] +
JR):xR] = [S:g D] + I(R), thus either 17D C [S:g D]D + I(R)D or I2D C [S:x D]D + I(R)D.
Hence by proposition (2.11) either 17D € S+ (D) or I?D € S + 3(D), thus either HL € S +
J(D) or H? € S + (D). Thus by proposition (4.1) S is Nearly Semi-2-Absorbing.

Proposition (4.9): Let S be a proper sub-module of content multiplication R-module D. Then
S is Nearly Semi-2-Absorbing sub-module of D if and only if [S:g D] is Nearly Semi-2-
Absorbing ideal ofR.

Proof: =) Let r?c € [S:;zg D] for r,c €R, it follows that r?(cD) € S. But S is Nearly Semi-2-
Absorbing then by corollary (3.8) either r(cD) €S+ J(D) or v €[S+ J(D):xg D]. As D is
multiplication, then S = [S:g D]D and since D is a content, then by proposition (2.13) 7(D) =
J(R)D. Thus either rcD € [S:;g D]D + I(R)D or r2D € [S:;zg D]D + J(R)D, hence either rc €
[S:x D]+ IR) or 12 € [S:ig D] + IR) = [[S:x D] + I(R):R]. Hence [S:z D] is Nearly Semi-2-
Absorbing ideal of R.

<) Let r?L € S for r € R, L is a sub-module of D. As D is multiplication, then L = JD for some
ideal 7 of R, that is 727D € S, implies that 727 € [S:g D]. But [S:x D] is Nearly Semi-2-
Absorbing ideal of R, then either 7 € [S:;zg D] + I(R) or r? € [[S:R D]+ I(R):x R] =[S} D] +
J(R), thus either rID S [S;xD]D +I(R)D or 712D S [S;xD]D +I(R)D. Since D is
multiplication and content, then either vL €S+ J(D) or r? €[S+ J(D):xD]. Thus by
corollary (3.8) S is Nearly Semi-2-Absorbing sub-module of D.
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Proposition (4.10): Let S be a proper sub-module of a multiplication R-module D over a good
ring R. Then S is Nearly Semi-2-Absorbing sub-module of D if and only if [S:g D] is Nearly
Semi-2-bsorbing ideal of R.

Proof: =) Let [27 € [S:g D] for I, 7 S R, it follows that I2JD € S. But S is Nearly Semi-2-
Absorbing sub-module of D, then either 17D € S+ J(D) or 12 €[S+ J(D):xD]. As D is
multiplication, then S = [S:g D]D, and since R is a good ring, then by definition (2.14) 3(D) =
J(R)D. Thus either 17D € [S:;g D]D + I(R)D or I?D S [S:;zg D]D + J(R)D, hence either 17
[S:;x D] + I(R) or I? € [Sig D]+ I(R) = [[S:x D] + I(R):R]. Hence [S:z D] is Nearly Semi-2-
Absorbing ideal of R.

&) Let d%L € S for d € D, L is a sub-module of D. As D is multiplication, then d = ID and L =
ID for some ideals I,7 in R, that is I2ID € S, implies that /27 € [S:g D]. But [S:g D] is Nearly
Semi-2-Absorbing ideal of R, then either I7 € [S:;z D] +J(R) or I? € [[S:R D] +IR):x R] =
[S:x D] + I(R), thus either 17D C [S:g D]D + I(R)D or I?D € [S:g D]D + I(R)D. Since D is
multiplication and R is good ring then either dL € S + 7(D) or d? € [S + 7(D):g D]. Therefore
S is Nearly Semi-2-Absorbing sub-module of D.

Corollary (4.11): Let S be a proper sub-module of a multiplication R-module D over Artinian
ring R. Then S is Nearly Semi-2-Absorbing sub-module of D if and only if [S:g D] is Nearly
Semi-2-bsorbing ideal of R.

Proposition (4.12): Let S be a proper sub-module of a multiplication R-module D over a local
ring R. Then S is the Nearly Semi-2-Absorbing sub-module of D if and only if [S:g D] is the
Nearly Semi-2-absorbing ideal of R.

Proof: In the same way as the proposition(4.10).

The following propositions are characterized by Nearly-2-Absorbing ideals by a special
kind of Nearly Semi-2-Absorbing sub-modules.

Proposition (4.13): Let D be a finitely-generated multiplication projective R-module, and P is
an ideal of R with anng(D) € P. Then P is the Nearly Semi-2-Absorbing ideal of R if and only if
PD is the Nearly Semi-2-Absorbing sub-module of D.

Proof: =) Let H2d € PD, for H is a sub-module of D and d € D, that is H?(d) € PD. As D is
multiplication, then H? = I?2D and (d) = 7D for some ideals I,7 in R, that is 27D € PD. But D
is a finitely-generated multiplication R-module then by proposition (2.18) 127 € P + anng(D),
but anng(D) € P, implies that P + anng(D) = P, thus 127 € P. Now, by assumption P is
Nearly Semi-2-Absorbing ideal of R, either I7 € P + J(R) or I2 € [P + I(R)x R] = P + I(R), it
follows that either 17D € PD + J(R)D or I?D € PD + J(R)D. Since D is projective then by
proposition (2.9) 7(D) = J(R)D, it follows either H(d) € PD + 7(D) or H? € [PD + 7(D):x D].
Hence PD is Nearly Semi-2-Absorbing sub-module of D.

&) Let r?I € P, for I is an ideal ofR and r € R, implies that r2(ID) € PD. But PD is Nearly
Semi-2-Absorbing sub-module of D, then either r(ID) € PD + 7(D) orr2D € PD + J(D). But
D is a projective then 7(D) = J(R)D. Thus, either rID € PD + J(R)D or r2D € PD + J(R)D, it
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follows that either vrI € P + J(R) or r? € P + J(R) = [P + J(R):x R]. Hence by corollary (3.8)
P is Nearly Semi-2-Absorbing ideal of R.

Proposition (4.14): Let D be a faithful finitely-generated multiplication R-module and P is an
ideal of R. Then P is Nearly Semi-2-Absorbing ideal of R if and only if PD is Nearly Semi-2-
Absorbing sub-module of D.

Proof: =) Let d?K € PD, for d € D and K is a sub-module of D, it follows that (d*)K S PD. As
D is multiplication, then (d)? = I?D and K = IDfor some ideals 1,7 in R, that is 12JD € PD.
But D is a finitely-generated multiplication R-module then by proposition (2.18) 1?7 € P +
anng(D) and since D is faithful, then anng(D) = (0), implies that P + anng(D) = P, hence
127 € P. But P is Nearly Semi-2-Absorbing ideal of R +J(D)or d?> € PD + 3(D). Therefore PD
is Nearly Semi-2-Absorbing sub-module of D.

&) Let r%c € P, for r,c € R, implies that rz(cD) C PD. Since PD is Nearly Semi-2-Absorbing
sub-module of D, then either r(cD) € PD + J(D) or r? € [PD + J(D):g D]. That is either
rcD € PD 4+ J3(D) or 2D € PD + J(D). But D is faithful multiplication, then either rc¢D C
PD +J(R)D or 2D € PD + J(R)D, it follows either rc e P+I(R) or r2 € P+I(R) =[P +
J(R):g R]. Hence P is Nearly Semi-2-Absorbing ideal of R.

Proposition (4.15): Let D be a finitely-generated multiplication content R-module and P is an
ideal of R with anng(D) € P. Then P is Nearly Semi-2-Absorbing ideal of R if and only if PD is
Nearly Semi-2-Absorbing sub-module of D.

Proof: Similar to the proposition(4.13).

Proposition (4.16): Let D be a finitely-generated multiplication module over good ring R and
P is an ideal of R such that anng(D) € P. Then P is Nearly Semi-2-Absorbing ideal of R if and
only if PD is Nearly Semi-2-Absorbing sub-module of D.

Proof: Directly from proposition(4.13) and definition(2.14).

Corollary (4.17): Let D be a finitely-generated multiplication module over Artinian ring R
and P is an ideal of R such that anng(D) € P. Then P is Nearly Semi-2-Absorbing ideal of R if
and only if PD is Nearly Semi-2-Absorbing sub-module of D.

Proposition (4.18): Let D be a finitely-generated multiplication module over a local ring R
and P is an ideal of R such that anng(D) € P. Then P is Nearly Semi-2-Absorbing ideal of R if
and only if PD is Nearly Semi-2-Absorbing sub-module of D.

Proof: Directly from proposition(4.13) and proposition(2.16).
From propositions (4.7) and (4.13), we obtain the following result.

Corollary (4.19): LetS be a proper sub-module of a finitely-generated multiplication
projective R-module D such that anng(D) € [S:g D]. Then the following is equivalent.

1. S is Nearly Semi-2-Absorbing sub-module of D.
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2.[S:g D] is Nearly Semi-2-Absorbing ideal of R.
3.S = PD for some Nearly Semi-2-Absorbing ideal P of R with anng(D) < P.
As a direct consequence of proposition(4.8) and (4.14) we get this corollary.

Corollary (4.20): Let S be a proper sub-module of a faithful finitely-generated multiplication
R-module D. Then the following is equivalent.

1. S is Nearly Semi-2-Absorbing sub-module of D.
2. [S:g D] is Nearly Semi-2-Absorbing ideal of R.
3.S = PD for some Nearly Semi-2-Absorbing ideal P of R.
This corollary follows directly from propositions (4.9) and (4.15).

Corollary (4.21): Let S be a proper sub-module of a finitely-generated multiplication content
R-module D such that anng (D) € [S:g D]. Then the following is equivalent.

1. S is Nearly Semi-2-Absorbing sub-module of D.

2. [S:g D] is Nearly Semi-2-Absorbing ideal of R.

3.S = PD for some Nearly Semi-2-Absorbing ideal P of R with anng(D) < P.
From proposition(4.10) and (4.16) we get this corollary.

Corollary (4.22): LetS be a proper sub-module of a finitely-generated multiplication R-
module D over a good ring R such that anng (D) € [S:g D]. Then the following is equivalent.

1. S is Nearly Semi-2-Absorbing sub-module of D.

2.[S:g D] is Nearly Semi-2-Absorbing ideal of R.

3.S = PD for some Nearly Semi-2-Absorbing ideal P of R with anng(D) < P.
From corollary(4.11) and (4.17) we get this corollary.

Corollary (4.23): LetS be a proper sub-module of a finitely-generated multiplication R-
module D over Artinian ring R such that anng (D) € [S:g D]. Then the following is equivalent.

1. S is Nearly Semi-2-Absorbing sub-module of D.
2. [S:g D] is Nearly Semi-2-Absorbing ideal of R.
3.S = PD for some Nearly Semi-2-Absorbing ideal P of R with anng(D) < P.

From proposition(4.12) and (4.18) we get this corollary.
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Corollary (4.24): Let S be a proper sub-module of a finitely-generated multiplication content
R-module D over local ring R such that anng (D) S [S:g D]. Then the following is equivalent.

1. S is Nearly Semi-2-Absorbing sub-module of D.
2. [S:g D] is Nearly Semi-2-Absorbing ideal of R.
3.S = PD for some Nearly Semi-2-Absorbing ideal P of R with anngy(D) € P.

At last we prove that in the following propositions the two concepts (Semi-2-Absorbing
and Nearly Semi-2-Absorbing) sub-modules are equivalent under certain condition.

Proposition (4.25): Let S be a proper sub-module of an R-module D, such that 7(D) € S.
Then S is Semi-2-Absorbing sub-module of D if and only if S is Nearly Semi-2-Absorbing.

Proof: =) By remark(3.4).
<) Since (D) € S,then 7(D) + S = S. So the proofis direct.

Proposition (4.26): Let D be a module over a v-ring R, and S be a proper sub-module of D.
Then S is Semi-2-Absorbing sub-module of D if and only if S is Nearly Semi-2-Absorbing.

Proof: =) By remark(3.4).
&) Since D is a module over a v-ring R, then (D) = 0. So the proof is direct.

Proposition (4.27): Let S be a proper sub-module of a regular R-module D. Then § is Semi-2-
Absorbing sub-module of D if and only if S is Nearly Semi-2-Absorbing.

Proof: =) By remark(3.4).
&) Since D is regular, then 7(D) = 0. So the proofis direct.

As a direct consequence of proposition(4.25) we get this corollary.

Corollary (4.28): Let S be a proper sub-module of an R-module D, such that 7 (%) = 0.Then S
is Semi-2-Absorbing sub-module of D if and only if § is Nearly Semi-2-Absorbing.

Finally in this paper we remark that all rings are commutative rings with identity and all
modules are left R-modules with a unitary.

Conclusion
Among the most important results are:

e Every 2-Absorbing (Semi-2-Absorbing) sub-module is Nearly Semi-2-Absorbing, but
contrariwise isn't true in general.

e A proper sub-module S of an R-module D is Nearly Semi-2-Absorbing sub-module of D if
and only if for any r € R such thatr? & [S + 7(D) g D], then [S:p 2] € [S + I(D):p 7].
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A proper sub-module S of a multiplication R-module D is Nearly Semi-2-Absorbing if and
only if H2K € S for H and K are sub-modules of D, implies that either HK € S + (D) or
H? < S +73(D)

In content multiplication R-module D, a proper sub-module S is Nearly Semi-2-Absorbing
sub-module of D if and only if [S:g D] is Nearly Semi-2-Absorbing ideal ofR.

Let S be a proper sub-module of a finitely-generated multiplication content R-module D
such that anng(D) € [S:g D]. Then the following is equivalent.

1. S is Nearly Semi-2-Absorbing sub-module of D.
2.[S:g D] is Nearly Semi-2-Absorbing ideal of R.
3.S = PD for some Nearly Semi-2-Absorbing ideal P of R with anng(D) < P.

In regular R-module D, a proper sub-module S is Semi-2-Absorbing if and only if S is Nearly
Semi-2-Absorbing sub-module of D.

Let D be an R-module over a v-ring and S be proper sub-module of D. Then S is Semi-2-
Absorbing if and only if S is Nearly Semi-2-Absorbing sub-module of D.
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