Samarra J. Pure Appl. Sci., 2024; 6 (2): 256-275 Warif B. et al.
. ____________________________________________________________________________________________________________________________________________|

IRRQI Samarra Journal of Pure and Applied Science SJPAS
Academic Scientific Journals

p ISSN: 2663-7405

www.sjpas.com
e ISSN: 2789-6838

The Long-Time Behavior of Stochastic Prey-Predator Model with
the Hide-and-Escape Effect for Prey and Predation Skill
Augmentation for Predator

Warif B. Bassim 1.2*and Abdulghafoor J. Salem?
1- Department of Mathematics, College of Computer Science and Mathematics, University of Mosul, Iraq
2- Nineveh Education Directorate, Ministry of Education, Nineveh, Iraq

m This work is licensed under a Creative Commons Attribution 4.0 International License

https://doi.org/10.54153/sjpas.2024.v6i2.868

Article Information Abstract
Received: 3/04/2024 In this paper, a comprehensive investigation was conducted of the
. ] stochastic prey-predator model combined with the functional and
Revised: 08/05/2024 numerical response of the Holling Type II under the influence of the
Accepted: 05/05/2024 Hide-and-Escape Effect (HEE) for the prey and Predation Skill
Published: 30/06/2024 Augmentation (PSA) for the predator. Initially, the significance of novel
Kevwords: effects was elucidated, along with their formulation and integration into
yw ’ the fundamental model. A comprehensive analysis was performed on the
Prey-predator model, proposed model. Theoretically, it has been proven that there is a unique
Functional response solution in the positive region, and this solution is a global solution. The
o ! permanent and extinct conditions of species were also studied in the
Stochastic differential model. Numerically, the model was simulated using MATLAB, and the
equations, Permanent, resultant theoretical findings were validated.
and Extinct.
Corresponding Author

E-mail: warifb@gmail.com
Mobile: +9647718368836

Introduction:

Exploring the dynamics between competing species is of great importance in various
disciplines of applied sciences. These dynamics have urged researchers in many fields to
conduct research on them, especially in physics, chemistry, and ecological studies, by
modeling these dynamics using differential equations [1]. Regarding ecological sciences, the
basic model in this field was presented by the scientists Lotka [2] and Volterra [3], who
created a model that depicts the competitive dynamics between prey and predator. Although
their basic model was simplistic, it was considered a great achievement in depicting the
complex interactions between prey and predator.
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The previous model was developed by including many additions to it, the most important
of which are numerical and functional responses. The functional response is defined as the
change in the density of prey resulting from the predation process [4]. According to this
definition, many functional responses have been modeled, the most prominent of which are
the three types that the scientist Holling added to the prey-predator model [5-6]. On the other
hand, the numerical response is defined as the change in the density of the predator resulting
from the predation process. Integrating the functional and numerical response into the prey-
predator model led to an increase in the accuracy of the models in representing the real
interactions between the prey and the predator [7].

The deterministic approach is the basis for modeling this type of interaction, but the
growing interest in this topic in order to understand the oscillating dynamics occurring in real
environments has prompted many researchers to include white noise in any variable within
the model. Integrating white noise into differential equations produces stochastic differential
equations. This type of equation allows to increase the accuracy of representing
environmental fluctuations that occur in ecosystems that the deterministic equations have a
lack in represent it [8].

In recent years, many external effects have been added to the stochastic predator-prey
model. In 2017, Zhang investigated the global dynamics of a stochastic model with non-
constant mortality rates, and he established the sufficient conditions for extinction,
persistence, and periodic solutions [9]. In 2018, Liu et al. introduced a stochastic model with
stage structure for predators, investigating ergodic stationary distribution and extinction
conditions [10]. In 2020, the dynamics of the stochastic model were analyzed by Gokila et al.
under the influence of the presence of a disease in the prey, and the results were clarified by
conducting numerical simulations of the model and comparing them with theoretical results
[11]. Also in the same year, Rihan and Alsakajiand studied the random model combined with
the effect of cooperative hunting on predators, and they reached the conditions that must be
met in the model in order for its continued coexistence [12]. Shi et al. (2021) studied a
stochastic model with stage structure and refuge for prey [13]. Also, in 2021, the stochastic
model was developed by Belabbas et al. by imposing the presence of protected areas for prey
and studying the dynamics of the system under the presence of this effect [14]. In 2022, Das et
al. conducted a study on the long-term behavior of the stochastic model under the influence of
the collective defence of the prey, and it was concluded that the model coexists under certain
conditions [15]. In 2023, Rao and Kang studied the model under the influence of prey refuge
and predation fear effects, and it was concluded that the presence of these influences in
reasonable proportions leads to the stability of the model [16]. In 2024, Liu studied the
dynamics of coexistence and extinction in a stochastic prey-predator system under the effect
of switching [17].

In this study we aim to add two new effects to the stochastic model. Competing animals
have many behaviors. Such as Predation Skill Augmentation (PSA), which is defined as the
predator's ability to develop his predation skill through the accumulation of experience [18].
The second is Hide-and-Escape Effect (HEE), which describes the ability of the prey to escape
from the predator or find an opportunity to hide from it, which reduces the possibility of an
encounter between the prey and the predator [19].
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Mathematically, the effect of PSA can be represented by the function,

ja—e),

where y = y(t) denotes predator density over time t, and j is a positive parameter that
determines the proportion of predators that are able to improve their predation skills. The
value of this function ranges from 0 to j, assuming that the predator density is non-negative
(y = 0). This function indicates that the predation skill improves with the increase in the
density of predators until it reaches its maximum, which is j, where the exponential term e ™
ensures that the increase in skill occurs gradually over time, which reflects the realistic
behavior in the development of the predation skill of predators in a natural environment.

The effect of HEE was mathematically modelled using the cosine function,

m(1 + cos(x)),
which fluctuates based on the availability of opportunities that allow the prey to escape or
hide from predators, where x = x(t) represents the density of prey over time t and m is a
positive parameter that shows the percentage of prey that are able to successfully escape or
hide. The periodic nature of the cosine function is well able to represent this behavior because
its values range between 1 and —1, and as a result, the effect of the added function will range
between 0 and 2m.

This mathematical formulation acknowledges the cyclical nature of prey behavior in
response to predation risk. When conditions are favorable for hiding or escaping, a significant
portion of the prey population might successfully avoid predators, represented by the
function's peak value at 2m. Conversely, when conditions are less conducive to such
behaviors, the effectiveness of these strategies decreases, illustrated by the function's
minimum value at 0. The range of this function, [0, 2m], encapsulates the entire spectrum of
the HEE's variability, mirroring the dynamic and fluctuating potential for prey to evade
predation across different environmental conditions and over time.

Integrating the "Predation Skill Augmentation" (PSA) effect and the "Hide-and-Escape
Effect" (HEE) into a Holling Type II functional and numerical response prey-predator model,
along with incorporating standard Brownian motions B;(t) and B,(t) affecting the growth
rates of prey and predator populations respectively, yields a comprehensive stochastic model.
This model captures the dynamics of prey-predator interactions with a nuanced consideration
of natural behaviors and environmental randomness. The resulting stochastic differential
equations (SDEs) for the model can be represents as follows:

dx(t) = x(t) Ir - %x(t) - % —j(1- e_y(t))l dt + £1x(t)dB;(2),
eax(t) eay(t) (1)
dy(t) = y(t) [1 o 1raw® ™ (1 + cos(x(t))) — ul dt
+ £,y(t)dB,(t).

Where the components of model (1) are illustrated in Tab. (1),
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Table 1: The component of system (1).

Component Ecological Meaning
x(t) Density of the prey population
y(t) Density of the predator population
r Growth rate of the prey population
a Rate of predation
u Decay rate of the predator population
b Half-saturation constant indicating the prey density at which

predation rate is half its maximum
Efficiency with which consumed prey is converted into predator

¢ biomass

k Carrying capacity of the environment for the prey population
Proportion of predators capable of enhancing their predation skills

m Proportion of prey that have the opportunity to escape or hide from

predators
Independent standard Brownian motions representing random
B, (t) and B, (£) P . rep &
environmental fluctuations
Standard deviations of the intensities of environmental white noise

1 and ¢
1800+, affecting prey and predator populations, respectively

Given the non-linear nature of the Hide-and-Escape Effect (HEE) and Predation Skill
Augmentation (PSA), which complicates analytical treatment, we have employed certain
approximations to ease the theoretical analysis of this paper. since PSA is bounded by [0, j] in

R2?, and HEE lies in [0,2m], then let we assume that y =j(1 —e‘y(t)) and 6 = m(l +

cos(x(t))). Also, assume that x(t) = x, y(t) = y, B,(t) = B;, and B,(t) = B,. Then model (1)

can be expressed by:

dx(t) = x(t) lr _ %x(t) _ #ﬁg(t) _ yl dt + £,x()dB, (D),
eax(t) eay(t) (2)

dy(t) = y(t) ll T+ ahx (D) ks ahx O -6 - ul dt + £,y(t)dB,(t).

The rest of the paper is organized as follows: Section 2 presents the existence and
uniqueness of positive solution, where Section 3 is covers the long-time behavior of model (1),
Section 4 explores the numerical simulations, finally, Section 5 provides the conclusion of the
paper.

Existence and uniqueness of positive solution

In this section, we focus on the existence of positive solutions due to their biological
meanings. Furthermore, for a stochastic differential equation to possess a unique global
solution, meaning it does not explode in a finite time, for any given initial condition, the
coefficients of the equation usually need to fulfill the linear growth condition and the local
Lipschitz condition. However, the coefficients of system (2) do not meet either the linear
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growth condition or are locally Lipschitz continuous [20]. In this section, by applying a change
of variables and utilizing the comparison theorem of stochastic equations (see [21]), we
demonstrate that there exists a unique positive solution with a positive initial value for
system (2), and this solution is global.

Theorem 1: For any (x(0),y(0)) € R?, then system (2) has a local solution (x,y) which is
unique and positive for t € [0, 4], where 1 is the explosion time.

Proof: By applying the transformation, x = e” and y = ef, which implies that P = Inx and
H = Iny, and employing Ito's formula on system (2), we obtain the transformed system:

ap=|r(1-¢ ae” 0.5¢,2|dt + £,dB
— k 1+ahe? V7 U2 e

eae’ eael

1+ ahe? 1+ ahe®

with initial conditions where P(0) = Inx, and H(0) = Iny,. It is evident that the
transformed system (3) satisfies the conditions required for a unique, local, and positive
solution (x,y) that originates from an interior point in RZ over the interval [0, #z], where £ is
a finite positive real number and the partial derivatives in P and H remain bounded.

(3)
dH =

—u—6— o.sezzl dt + £,dB,,

After proving that the system (2) contains a local solution, we turn our attention to
broadening this solution to a global scale. Our goal is to ascertain that the dynamic
interactions modeled are perpetual. A crucial step in this validation process involves proving
that the explosion time £ = co. The theorem below solidifies this concept. But we first we will
give the definition of Itd formula,

Definition 1 [22]: Suppose that X () be a stochastic process satisfies,

dX(t) = adt + bdB(t)
And let R = f(¢,X(t)), where f is a function of t and X(¢t). Then, the derivative of Then the
[t6 formula is,

af af 102 )
dR _Edt adx-l‘zm(d)().

dR = —af dt + —(adt + bdB(t 10°f dt + bdB(t
o + (a + ())+26X2(a + bdB())".
_of of af 10%f 1 o s 5 2
dR = i dt + a— ar + b—aX dB(t) + = 5 3%Z ( (dt)? + abdtdB(t) + b?*(dB(b)) )

According to the fact that (dt)? = dtdB(t) = 0, and (dYB(t))2 = dt, Then the It6 formula is,

of  of  b*o*f af
dR = <6t+ az+ oz |de+ b dB(D).

Theorem 2: Assume (x,y) be a positive solution for the system (2) when t € [0, 4], then there
exist Y, )_(,7 and Y such that, X < x < X andY <y < 7, VYt = 0. Which indicate (x,y) is global
solution and t; = oo,
Proof: if we show that £z = oo then we can say (x, y) is global solution, from the prey equation
in system (2) we have,

dx < rxdt + €,xdB,
Let X be the solution of
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{di = rXdt + £,XdB, @
)_((0) = Yo
To find X, by dividing both sides of (4) by X,
dXx
= = rdt + £,dB;. (5)
By integrating both sides of (5), we get,
lTlY=T‘t+lel+C, (6)
where c is function of t, then (6) can be written as follows,
Y — eTt+‘€1Bl+C(t). (7)
To find c(t), using Definition 1, Eq. (7) can be written,
2
ﬁ — (T‘ + C(’t))ert+£’131+c(t) + flert+£131+c(t)d31 + (gl) eTt+{1Bi+c(t) (dBl)z
2 )
_ R () L
dX = (r+c(t))Xdt + £,XdB; + > X(dB,)?,
< DAY -
dX =(r+c(t)+ > Xdt + ¢,XdB,. (8)
By comparing (8) and (4), we have,
. (£1)?
t)=— ,
c®) = -—
P 2
c(t)=—( V) t+k* 9)
By substituting (9) in (7) we get,
X — ert+flﬂl—%t+k* -X e(f-%)ﬁhﬂl
= =X, .
Where X, = e after substituting t = 0.
Then we have x < X, forall t € [0, £z].
Now, for predator equation we have,
dy > (—eay? —uy — 8y)dt + £,ydB,
Let Y be the solution of,
dY = (—eaY —u — 8)Ydt + ¢,YdB, (10)
Y(0) =Y, '

To find Y, we will integrate both sides of (10) using the integrating factor i =
t 1t
el 9B )43 [,9°(ds \here g(t) = £,. Then, we have,
o ot _ ek ()
By using Ito formula, we have

1
di = 4.dt + ip,dB, + =1ip,3,(dB;)?,

2
1 1
di = E (‘gz)z/l:dt - ‘gz/Lde + E (‘ez)z/idt,

Now by multiplying (12) by (10),
dYdi = —(¢,)*Y4idB,.
Also, multiplying (11) by (10) and rearrange the result we get,
idY — if,YdB, = i(—ea¥ —u — 8§)Ydt. (13)
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Consequently, after adding and subtracting —(¢,)?Y4dB, to the left side of (13) we get,
idY — if,YdB, + (£,)?Y4idB, — (£,)%Y4idB, = i(—eaY —u — §)Yd¢,
idY +Ydi + dYdi = i(—eaY —u — §)Ydt,

d(iY) = i(—eaY —u — §)Ydt, (14)
To solve Eq. (14) we use the following transformation Y* = 4Y and Y = YT Then,
Y* Y*
dy* =41 (—ea—, —u-—- 6)—,dt,
1 1

dy* = (—%Y*Z — (u+ 6)Y*) dt

dy* ea
T SY* = —_Y*Z,
g Twto) i
1 dy” 1 ea
_ 8 = ——. 15
Y2 dt *y F(utd)= i (15)
LetZ = %, then,
az -1
dY* - Y*Z'
Where,
dz dZ dyY”
dt dy* dt’
Which indicates,
dz -1 dY” (16)
dt vy dt’
By substituting (16) in (15) after multiplying it by (-1) we get,
dz ea
——(u+8zZ=— 17
- Wt oz=— (17)
The integrating factor for (17) is,
u= ef —(u+8)ds _ e—(u+6)t_

By multiplying the integrating factor by (17) and integrate both sides from 0 to ¢, it can be
obtained,

ea
7|t = f_e—(u+8)sdsl
AN p)
Consequently,

t
e—(u+6)tZ — ZO + eaf eszz(S)_%(fz)zse—(u+6)5ds'
0
t

- 1,52
e—(u+6)t% = % + eaf e <(u+5)+2(fz) >5+f’232(5) ds,
0
¢ 1
o~ (u+d)t _—_ 1 _ l+ eaf e—<(u+8)+§(€2)2>s+£232(s) ds.
Y Y

0

t
e—(u+6)te+szz—%({’z)2 = l+ eaf e (u+6)+z(*’2)2>5”’2732(5)
XO 0

S,

I"<|

Hence, the solution is,
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—((u+6)+%({’2)2>t+{’2732
e

=<
I

. —((u+6)+%(£’2)2>s+{’232(s)d

+eaf e s

B<[=

Then we have,y > Y, forall t €
Also, for predator we have,

—

OltE]'

eaXy eay?
1+ahX 1+ ahX

Let Y be the solution of the equation,

a7 = [£XY eal” dt + £,7dB
1+ahX 1+ahX S (18)
Y == YO
Then (18) can be written as,
— eaX ea
1+ ahX 1+ ahX
By the same way the solution of (19) is,
X 1
) (25 g
Y = —
s eaX(l) _1
Yo 1+ ahX(s)
Then we have, y < Y, forall t € [0, tg].
On the other hand, for the prey, from the positivity of x we have,
X —
dx > (rx (1 - E) —cY — yx) dt + £,xdB;.
Where ¢Y is the largest functional response of the system (2), That means,
T —
dx > (rx —yx — Exz - gY) dt + £,xdB,, (20)
Let ¢ = r — y, then (20) can be written as,
Tr —
dx > (gox - Xt - gY) dt + £,xdB,
Let X be the solution of the equation,
Tr —
X=(pX—+-X>—¢Y X
dX = (¢X - 7X* = ¢¥)dt + £,XdB, 21

X = Xo
The solution of (21) can be expressed by,

o (9-3(00?)t=Jy ST(S)ds+613,

KZ 1 T ot ( 1 2) fS 7( :

_ @—5(#1)?)s— [ ¢cY(Ddl+£1B1(5)
Xo + kfo e\t 2! ° T ds
Then we have, x > X, for all t € [0, £;].

The above results can by expressed as, X < x < X and Y<y< Y.

Clearly X, L? and Y are exist for all time which in turn indicate £z = o and (x,y) is
global solution.
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The long-time behavior

From an ecological standpoint, species extinction is detrimental, whereas mutual
coexistence is favorable. This section dedicates itself to delineating the conditions for the

persistence and potential extinction of species within system (2).

Definition 2 [22]: Let, the following stochastic deferential equation,
dX(t) = a(X(®),t)dt + b(X (%), t)dB(%),
represents a biological interaction, then the solution of it can be called,
e persistent in mean if,

1 t
liminf—f X(s)ds > 0.
t—oo t 0
e extinctif,
tlim InX(t) = 0.

2
Theorem 3: The population of prey in system (2) will extinct if r < (f;) .

Proof: form theorem (2) It is clear that,

tlim X=0.
If,
y 2
r<&r (22)
2
Also,
tlim X =0.
If,
y 2
r <! ;) +y (23)
It is clear that fulfilling condition (22) ensures the occurrence of condition (23).
2
This implies that if r < ({);) , the prey population of system (2) will become extinct, which
means,
lim x = 0.
t—oo

Theorem 4: If the prey population is extinct, then the predator population will become extinct

without any condition.
Proof: From the given hypothesis, it is concluded that,
lim x = 0.

t—oo

Thus, the predator equation of system (2) can be written by,
diny = (—eay —u — & — 0.5£,%)dt + £,dB,,
Now consider,
f(y) = —eay —u — & — 0.5¢,°.
Where,
f'y)=—-ea<0

Which indicates that f(y) is decreasing in [0, ), and the maximum value of it occurred

when y = 0, that means,

diny < (—u— 8 — 0.5¢,%)dt + £,dB,,
264
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by taking the integration to both sides of (24)
t t
Iny < Iny, + f (—u—8-105¢,")ds + ezf dB,(s),
0 0

Iny < lny, + (—u — 8 — 0.5¢,%)t + £,B,.
By dividing both sides of (25) by t, and taking the limit when t — oo,

Iny
lim— < —u—§ — 0.5¢,% < 0.

t—>oo

(25)

From the above inequality, it is straightforward that the predator population approaches

to zero as t approaches infinity,

limy = 0.

t—oo

Theorem 5: When the prey is extinct the predator does not have a limit in mean.
Proof: consider the predator equation in system (2),

2
eaxy eay
d —-<

1+ahx_1+ahx_uy_6y>dt+£2yd32'

Eq. (26) can be written as,
< eaxy  ea’hxy?
dy =

1+ ahx * 1+ ahx
Suppose that V; = Iny, then by using Ito formula,

—eay? —uy — 6y> dt + £,ydB,.

eax ea’hxy 2,°
diny = + —eay—u-—290 dt+{’2de—Tdt,

1+ ahx 1+ ahx
2

diny = (9% _ 4 cahy 5=\ ar + £,a3
WETrae T Tramx P TH 2 S
For arbitrary &, > 0 there exist t, and Q,, such that P(Q,,) =1 — &, and —

1+ahx
t=>typandw € Q¢

‘g 2
diny < <el + &gahy —eay —u—96 — %) dt + ¢,dB,.

By integrating both sides of the above inequality,
2

Y t
Iny < lny, + (el —u—24 —%) t+ (g,ah — ea)f yds + €,B,.
0
Dividing both sides by t,
Iny Iny, (

—<—+
t t

Setting t — oo, then it can be concluded,

1t 2,°
—(elah—ea)tliminfzj yds<|g—-—u—-6 ——|
—00 0

el—u—6——

(g;ah — ea) 42732
o) s

2
2
u—o-%
li d )
tl_)rgmf f yas = —(glah —ea)
Since ¢, is arbitrary then,
2,°
L U0
liminf-| yds<——=—<0.
t—o0 tJo ea

(26)

< &, for



That means the predator does not have a limit in mean, since the predator is depends
entirely on the prey population.

2
Corollary 6: Ifu + § + % > &4, then the predator may be extinct even the prey persistent.

Consider the following inequality,

‘g 2
diny < <£1 + g,ahy —eay —u—46 — %) dt + £,ydB,. (27)
By integrating both sides of (27),
P 2 t t
Iny — Iny, < <€1 —u—48— %) t+ elahf F(y)ds — eaj F(y)ds + £,B,. (28)
0 0

Dividing both sides of (28) by t and taking the limit when t — oo,
2

In £

lim—yS£1—u—6—i<0.

too t 2
Now, if,

2,7
uts+—->e. (29)
Then,
tlim Iny = 0.

Theorem 7: Ifr >y + 0.5£’12 + Y, the prey will persistent regardless the predator density.
Proof: by applying Ito formula to the prey equation in system (2) when V, = Inx,

dinx = [r (1~ %) - % —y — 0.5¢,2] dt + £,dB, (30)

By solving Eq. (29),

t t
Inx = Inxy + (r ol 0.5€12)t - EJ xds — J ds + ¢1B; (31)
0 0

k
Dividing (30) by t and taking the limit when t — oo,

I lrftd+ft D gs| = 0.5¢,2
tl—glotkoxs 01+ahxs_r v

a
1+ ahx

Which implies that,
t—ooo

1t k
liminf?f xds 2;[1‘—}/—0.5{’12 -Y] >0
0

Then the prey will persistent, if,
r>y4056,%+Y, (32)

. 1t a
where Y = lim = [ Y ds.
t—>oo t Y0 1+ahx

Numerical simulations

To establish the validity of the theoretical findings, a simulation of model (1) was
conducted using MATLAB, focusing on time series and phase portraits by employing the Euler
technique. This technique was employed to model (1), which was expressed in the subsequent
discrete form:

X1 = X + X (r (1 - —) -—— —j(1 - e‘yk)> At + L1 x,VALEE, (33)



eaxy eayy
1+ ahx, 1+ ahxy

Yier1 = Yk t Vk ( —u—-m(1+ cos(xk))) At + £,y VALE, .

Where 4} and 1&,?’ are the Gaussian random variables, and the dataset of parameters are
given in the following table.

Table 2. Dataset of selected parameters for deterministic system (3.2).

Name Parameter Value
Growth rate of the prey population r 3.1
Rate of predation a 2.3
Decay rate of the predator population u 0.25
Half-saturation constant h 0.51
Conversion efficiency e 0.35
Carrying capacity of prey k 4
Proportion of predators capable of enhancing their

predation skills J 07
Proportion of prey that have the opportunity to m 0.5

escape or hide from predators

Also £, and ¢, will illustrated in each figure that required their value.

In numerical simulations performed on Model 1, the existence and uniqueness of the
global positive solution were explored as shown in Fig. 1 and 2 which depend on 11 distinct
initial conditions. Where in Fig. 1 the phase portrait provides visual confirmation of the
theoretical results regarding the existence of a positive solution. The trajectories shown,
which start from a set of initial states, coalesce into a specific path as time progresses. This
convergence largely points to the inherent behavior of the model, supporting the existence of
a positive solution which ecologically means that predators and prey co-exist in the
environment. Moreover, despite the random fluctuations embedded in the system due to
random fluctuations, the consistency with which the trajectories move toward a common
region supports the uniqueness of the solution.

= Direction

s
i/
v
/S
i
P
4
s
rd
s

NONCNONECN NN SN ™S N

PR MR SRR TR T T N R R
Ny

Predator Population

Prey Population

Fig. 1 The phase portrait of model (1) with 11 distinct initial conditions.
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Complementing the phase portrait, the time series as shown in Fig. 2 shows the temporal
stability of the model solutions. It shows how temporal evolutions of both prey and predators,
regardless of initial conditions, show convergence toward a unique trajectory. The prey (blue)
and predator (red) populations, after initial oscillations, display a tendency to reach a steady-
state dynamic, reinforcing the presence of a unique positive solution. The uniqueness is
further highlighted by the similarity in population dynamics across all stochastic realizations
of the model, implying that a single positive solution dominates the long-term behavior of the

system.

Prey
Predator

Population

Time

Fig. 2 The time series of model (1) with 11 distinct initial conditions.

Collectively, these simulations do not merely suggest the existence and uniqueness of
solutions but affirm the stability of the stochastic prey-predator model numerically. This
solution, consistent across various initial conditions and resilient to stochastic disturbances,
validates our theoretical analysis and offers a concrete representation of the prey-predator
dynamics as modeled.

According to the long-time behavior Theorem (3) predicts that the prey population will
go extinct if the growth rate is less than half of the square of the noise intensity coefficient.
where the dynamics of the prey population in a stochastic prey-predator model when
condition (22) is violated is illustrated in Fig. 3.
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Prey

= = = Extinction line

Population

Fig. 3 The prey population when condition (22) is violated.

The trajectory of the prey population, represented by the blue line, shows a sharp decline
towards the black dashed line, which symbolizes the extinction threshold. The convergence of
the prey population to this extinction line without recovery illustrates that the prey
population indeed goes extinct as per the theoretical prediction. This visual result supports
Theorem (3), which states that under certain conditions the prey population cannot sustain
itself and will inevitably decline to extinction. It is notable that the population declines to zero
without subsequent fluctuations, which reinforces the certainty of extinction once the critical
threshold for the growth rate is crossed.

Corresponding to Theorem (4), the predator population follows a similar trajectory,
plummeting towards the extinction line shortly after the prey population does, as shown in
Fig. 4.
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Fig. 4 The extinction of prey and predator populations when condition (22) is violated.
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The immediate and correlated decline of the predator population, in this case,
underscores the dire consequences of prey extinction, which in turn affirms the Theorem (4)
that claims the predator population is reliant on the prey population for sustenance and,
therefore, will become extinct if the prey population is extinguished.

In reference to Theorem (5), which states that when the prey is extinct, the predator does
not have a limit in mean, Fig. 4 also suggests a rapid convergence to zero for the predator
population after the prey's extinction. However, due to the stochastic nature of the model, it
might expect some fluctuations around the extinction threshold due to the random
perturbations inherent in such systems. where the predator fluctuations can be absent around
the extinction line due to a multitude of factors, including a strong dependency of predators
on prey or high rates of predator death without prey.

Numerical simulations were also applied to the model (1), where condition (29) occurs.
This simulation presented a wonderful aspect related to the long-term behavior of the
stochastic prey and predator models, as shown in Fig. 5.

Prey
Predator
S5r = = =Extinction line

Population

0 10 20 30 40 50
Time

Fig. 5 The populations of prey and predator in model (1) when condition (29) occurs.

In Fig. 5, it was observed that the prey curve reached a state of permanence. Despite this,
predator numbers decline sharply, eventually converging on the extinction threshold. This
numerical result supports Corollary (6), suggesting that when the combined effects of
predator decay and noise overcome the efficiency of converting prey into predator biomass, it
leads to the extinction of predators, despite the presence of a large number of preys.

Further simulations have been conducted to validate Theorem (7), which proposes that
prey permanence is assured under specific growth rate conditions, irrespective of predator
density. Two scenarios were considered, with initial predator densities set at 2.5 and 7.5,
while the initial prey density was maintained at 5 for both as illustrated in Fig. 6 and 7.
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Fig. 6 The populations in model (1) when the initial condition is (5,2.5).

= Prey
Predator
5 — — — Extinction line
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Time

Fig. 7 The populations in model (1) when the initial condition is (5,7.5).

The resulting time series, presented in the previous figures, confirm that the prey
population achieves permanence, as evidenced by the blue curves. This outcome occurs
despite the differing predator densities, which eventually stabilize at distinct levels shown by
the red curves. The consistency of the prey population's behavior in both simulations
supports the theorem’s prediction that, above a certain threshold for r, the prey population's
persistence is unaffected by the initial or consequent predator density. These findings
reinforce the concept that certain intrinsic growth rates can ensure species permanence
within ecological models, even in the presence of predation and stochastic events.

271



Conclusion

In conclusion this study, we rigorously examined a stochastic prey-predator model under
the predation skill augmentation for predator and hide-and-escape Effect for prey effects,
confirming the existence and uniqueness of global positive solutions. The numerical
simulations aligned seamlessly with the theoretical underpinnings, demonstrating the
resilience of prey populations under varying predator densities and stochastic conditions. We
also highlighted the critical thresholds of growth rates and predation efficiencies that dictate
the permanence or extinction of species. Our findings provide insightful contributions to the
ecological modeling field, offering predictive understandings of population dynamics under
stochastic influences, with implications for ecological conservation and management
strategies.
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