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Introduction:

This study presents a numerical method for approximating partial differential equations,
based on a new understanding of differential operators and their approximations. To express
this method, we analyze the Dirichlet problem for elliptic equations in second order, which
includes determining a function with an unknown value. The function w depends on the
variable z and satisfies the following:

—eAw+wg +w=f vweA, (1)
w=g onl (2)

Here, A is a bounded convex polygonal domain in R? with boundary I' and 8 = (B4, ;) is
a constant vector with || B ll;0,)= 1. The symbols € and wg = - Vw denote a positive
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constant and the derivative in the f-direction, respectively. The gradient operator is denoted
by V, and Vw represents the gradient of the function w = w(zy, z,)[1].

Such problems appear fundamental in describing various physical processes in science
and engineering, such as in viscous media represented by the dispersion of pollutants, in
semiconductors as electron flow, and over bird wings as airflow. The solution to problems (1)
and (2) depends on the relationship between the diffusion parameter (€) and the lattice
length (h). Specifically, when € drops below |l B ll ) h, where |l B ll;~x)= 1. However,
caution must be taken when € is less than h, as this can lead to oscillatory profiles that deviate
significantly from the exact solution. This inherent limitation compromises the required
accuracy and overall smoothness, making numerical solutions with conventional Galerkin
estimation unsatisfactory. This requires developing a more accurate and consistent numerical
estimation strategy[1].

Various stabilization techniques, such as SUPG, [2, 3], Upwinding techniques [4, 5], LPS [6,
7], and discontinuous Galerkin methods [8,9,10]. Streamline diffusion method [11,4], Several
alternatives were compared in [12,13,and Have been proposed to avoid these oscillations.
However, no completely satisfactory method has been found yet. For instance, the popular
SUPG approach tends to generate too many peaks and valleys near the stratigraphic area.

Wang and Ye have introduced the weak Galerkin (WG) method, a new finite-element
framework for numerically solving second-order elliptic equations. This approach, described
in their recent works [14,15], incorporates weak functions and gradients, allowing degrees of
freedom on both elements and edges. The WG approach permits the use of completely
discontinuous functions as basic functions. This technique allows the use of versatile meshes
and provides a simple and parameter-free method. It is intended to solve various partial
differential equations, such as second-order elliptic problems, Stokes equations, biharmonic
equations, and interface problems [16,17,18,19]. Given the computational challenges arising
from accurately reproducing physical processes while at the same time ensuring the speed of
the solution, it is necessary to find a balance between computational efficiency and physical
consistency. This can be achieved by following numerical methods that achieve both goals. In
the following paper, WGFEM was enhanced by improvements to the low-order Galerkin finite
element method (WGFEM) in a way that enabled linear convective diffusion problems to be
addressed. This is done by adding the diffusion term -8Aw, with 6=h-€, in the problem
statement. , then following the strong and weak Galerkin (WG) approach that solves the
diffusion equation in the circumstance where h > € or in situations where convection governs
diffusion.

In this paper, we will use the standard notation of Sobolev space with it as the norm and
their associated inner product, seminorms[14].

Weak Galerkin finite element method
The goal of this section is to design a weak finite element Galerkin scheme. Initially, most
cases applied to the numerical solution of PDEs in science and engineering involve the finite
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element method. In recent years, the researcher has presented a new and innovative finite
element model called WGFE, which excels as a field-solving model (FM), which was presented
in 2013 by J. Wang and X. Yes. WGFE generally works when convection is the dominant
process compared to diffusion. It breaks the complex PDE into smaller parts by first finding
the weak form of this equation. Having a polynomial function to approximate the placement of
modules within each element is a proper measure. The original problem is solved by WGFEM
using different approximation spaces for the solution and the gradient. This strategy is used in
situations where the solutions might be very discontinuous or rapidly change. In the WG-FEM
steps, unknowns are known both within the elements and on the element borders, and the
weak gradient of basis functions can be solved element by element. Compared with traditional
GFEMs, the WG methods are more appropriate for solving problems with discontinuous
solutions or on complicated domains. Moreover, compared with the conventional
discontinuous Galerkin (DG) methods, there is no need to choose “large enough” parameters
in a stabilization term (even no penalty terms in some types of WG-FEM). The WG methods
have compact formulations that can be applied near boundaries without special treatment,
greatly increasing the robustness and accuracy of boundary condition implementation. Let us
consider an A triangular partition referred to as Z, whose set of components is composed of
connected and closed polygons in R?, which satisfy some assumptions about how regular the
elements are. Denote by h; the diameter for every element T € Z;, and h = maxyeg, hr the
mesh size for Zj,. For a given integer j,[ > 1, let p"(j, 1) be the weak Galerkin finite element
space associated with Zj,

PG, D) = {,0 = {po, Pp}: polr € P;(T), pplor € P, (dT),T € Zh};

and

pt(, 1) = {p = (0o, Pb}: € pr(j, 1), pp = 0 0n AT N DA},

where P;, IP; is the space of polynomials of total degree j,[ or less. For any p = {py, pp},
the discrete weak gradient V,.p € [IP,.(T)]? is defined on T as the unique polynomial satisfying

erp-da = —f poV-da+f ppq - nds,Vp € [P,.(T)]?
T T oT

where n is the unit outward normal vector to dT. For any p = {p,, pp}, we define the weak
directional derivative f-V,.p € P,.(T) related to f-Vp on T as the unique polynomial
satisfying

f B -V,.pudT = —f poV - (Bu)dT +f ppP - nuds Yu € P,.(T).
T T aT

We introduce four global projections Qq, @p, @, and Q. They are element-wise defined L?
projections detailed as follows: For each element T € 2}, Qy: L>(T) - P,.(T) and Q,: L?>(0T) —
P,.(AT) are the L? projections onto the associated local polynomial spaces, Qy:[L*(T)]*¢ —
[P,_1(T)]¢ is the L? projection onto the local weak gradient space. Finally, we define a
projection operator Q,w = {Q,w, Q,w} € py,(j, 1) for the true solution w [17]

V- (Qnu) = Ry(Vw), Yu € HY(T). (3)
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also define a projection m; such that m;q € H(div, (), and on each T € Z, one has m,,q €
V(T,r = j + 1) and the following identity

(V " q, vO)T = (V " TThq, vO)T; VUO € PJ(TO) (4)
The WGFE method is expressed as follows: Find wy, = {Wél, Wl?} € pl(j, 1) such that

(€V,wi, V,p) + (B - Vewn, po) + Wh, po) = (f, o), Yo = {po, P} € P& (5)

where

(eV,wy, V,.p) =f eV,wy, - V,.pdA,
A

(B - Vown, o) = f B - VowppodA,
A

(Wo, po) =f WopodA .
A

The classical artificial diffusion Weak Galerkin Finite Element Method

Numerical simulations have difficulties in accurately representing steep gradients and
rapid changes in solution when the mesh size exceeds the diffusion limit. However, it becomes
more complex in the convective-dominated model, mainly because such transfer of properties
is a significant occurrence in most of the cases. Therefore, the numerical solution may face
problems such as instability, oscillations, or an inability to represent the physical behavior of
the system accurately. Inaccuracies and errors can arise due to insufficient resolution to
capture small-scale features and rapid changes in the solution. To address these challenges,
digital technology has introduced artificial diffusion (AD), where a controlled amount of
artificial or numerical diffusion is introduced to stabilize the numerical solution. This
additional spread helps facilitate the solution, preventing fluctuations or instability that may
arise due to inaccuracy [21,22]. The WGFE method, as shown in equation (5), tends to
produce oscillatory solutions when € < ||8]|h and the exact solution is not smooth enough.
Therefore, the WGFE method may produce suboptimal results. To address these challenges,
we will analyze the WGFE method by integrating the classical artificial diffusion technique to
solve the linear thermal diffusion problem. To effectively mitigate the problems associated
with the weak Galerkin method (Equation 5) when € < ||B||h, where||f]| = 1, leads to € <
h we avoid such cases altogether. This can be achieved in two ways: by reducing h to the point
where € > h, which may be impractical when € is very small, or by addressing the problem
through a modified approach by adding —6Aw, where § = h — € to the original equation then
follow the approach WGFE method. This is the basic concept behind the classical artificial
diffusion weak Galerkin finite element method (CADWGFEM). The CADWGFE is a finite
element method designed to determine wy = {W,?,W,ll)} € p" by using equations (1) and (2).
The primary goal of CADWGFE is to satisfy the condition w”? = Q?g on TI'. The expression for
the CADWGF approximation is as follows:

Find wy, = {w", w/'} € p¢ so that:

acapWp, p) = (f,po), Vp = {po,pp} € pg. (6)
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And where to

acapWp, p) = (hV,wp,, Vp) + (B - Vewp, po) + (Wh, po) (7)

Existence and Uniqueness for CADWGFE Approximations.

Let p, represent a CADWGFE approximation for the given problem described by
equations (1) and (2), derived from (6) by using the WG finite element space p"(j,1). The
objective of this section is to establish two fundamental properties of CADWGFE for linear
convection-diffusion problems: the V-elliptic property and the stabilization property.

Lemma 1. Let ac,p(+,) represent the bilinear form, as described in equation (7). There is a
positive constant ¢ such that

acap (P pn) = @(IV,ppl1* + llpoll”)
Proof. Using w = p in equation (7) yields

acap(Pn, pn) = (AV,pp, Vepn) + (B - Viepr, po) + (o) Po), (8)

We obtain the following by applying the Cauchy-Schwarz inequality and using the fact
II ﬁ ”L°°(A) =1

1B Vepr p)| < 1B - Voeprlllipoll
< IVy-prllllpoll
And

(o, Po) < llpoll”® (10)

Substituting (9) and (10) into (8) gives the following result:

acap(Pn Pr) = RIV,plI> = IV, pllllpoll + llp°1I?

Now, let's apply the e-Young's inequality, and we get:
" oo Ko 2, Lo
IVe-orllllpoll < 2 IVrpnll” + oK lpoll
Substitute it for the original inequality:
" 2, (K, 2, Lo 1 o2
acap(Pr, Pr) = hlIVpRll”® + (E IV,ppll” + K lpoll ) + o7l
Combination of similar terms:

K\ - 1y,
acap(Pn, Pn) = (h + E) IVyppll™ + (1 + ﬁ) [looll
acap (Pn pr) = @(I1V-0,11° + llpol1?).

where ¢ = min {h + § (1 + i)}
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Lemma 2. (Stability) Suppose that Lemma 1 holds and the solution of equation (7) fulfills the
condition that there exists a constant ¢ > 0, such that

(I, wal? + lIwll?) < % I 1+ 5wl
Proof. If we choose p = wy, in equation (6), we get
acap W, wy) = (f, wp) (11)
From Lemma 3 we have the following;
acap Wr,wi) = @IV, wy 1 + llwoll?) (12)

Using Cauchy-Schwarz and Young's inequalities, the first term on the right-hand side can be
calculated.

1 .
(f,wp) < 7 I F I uliwll
1 U
<— 24 = 2 1
<2 I f =+ 5 Wl (13)
Substituting Eq. (12) and (13) in Eq. (11), we get;
2 2 1 2 M 2
(I, will* + llwll*) < o 1 1P+ lw (14)
We divide by the value of ¢ in the equation (14), the result is as follows
(IV,will? + llwell?) < L £ 124 2 w2 (15)

As shown in Equation (6), we have demonstrated the stability of the CADWGFE method.
This means that based on the given problem data, the appropriate criterion for the solution
can be estimated.

Error Analysis

The purpose of this section is to provide an error estimate for CADWGFE (Equation 6).
Our approach is consistent with traditional error analysis methodology and involves checking
the discrepancy between the CAWGFE approximation w, and a specific
interpolation/projection of the exact solution by the error equation. We start the derivation
with an error equation for the CADWGFE approximation, wy, and the projection L? to the exact
solution w in the weak finite element space p,(j, ). Let v = {vy, v,} € ph(j, 1) be a random test
function.

The CADWGFEM in equation (6) is consistent in the sense that it is satisfied by the exact
solution w, i.e.

acap (W, vo) = (f, 1), Vv, € pp(j, 1) (16)
subtracting Equ.(16) from Equ. (6) we have the following equation
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acap (@ — wy,v) = 0, Vv € pp(j, 1) (17)
puttingw —wy, =w — Qpw — (W, — Q,w) in Equ. (17), we have

acap(W — Qpw, o) — acap(Wp — Qpw, 1) = 0 (18)
and using the Equ. (3) and Equ.(4) for Equ.(18), we getting

acap(Wp — Quw, vo) = (mphV,w — hR, (V,w), V,.v) — (mpw — Qow, V... (BV)) + (W — Qow, vp).
(19)

The Equ. (19) shall be called the error equation for the CADWGFE method.

1. An Estimate error in H'-Norm

Let's start with the following term. It gives an error estimate of the difference between the
CADWGFE approximation w;, and the L? projection of the exact solution of the original
problem.

Lemma 3. [14] For w € H'*5(A) with s > 0, we get ||, (eVw) — €Q,(VW)[| < CAS | W ll14s-
Lemma 4. [14]: For w € H**$(A) with s > 0, we have |lr,w — Quwll < ChS*Y || w ||y 4
Lemma 5. For w € H**S(A) with s > 0, we have |, (hVw) — hV(Q,w) [l < CRS*L | w ll14¢
Proof. From lemma 3 we, get

I, (hVw) — hQ, (VW) < hllm, (VW) — @ (VW)

S h(Ch® T w ll14s)
S CR I W s

Lemma 6. let w, € p"(j,1) be a CADWGFE solution of the problem (1,2) arising from (6).
Assume that the exact solution w € H*¥*1(A). Denote by e, = w, — Q,w the difference
between the CADWGFE approximation and the L? projection of the exact solution w =
(w4, w,). Then there exists a constant C, depends on h such that

Il eo 124+ IV ell” < Coh? Il w 134
Proof. Substituting v in Equ. (19) by e;,: = w, — Q,w and put v = e, we arrive at

a(w, — Qpw,ep) = Ry — R, + R

Where

Ry = (mp(hV,w) — hR,(Vw), V,.e)
R, = (T[h(w) — Qow, BV(ep, ))
R; = (w — (Qow), €p)

To estimate R, by Cauchy - Schwartz and Young's-inequality we obtain;
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0]
IR Ilﬂh(hV ®) = ARy (V)|* +5 1V, ell®

T
by lemma (5) We have;
2k+2 (D
IR{| < Ch | w ||1+k+ v, eh|| (21)

To find R,, by Cauchy - Schwartz and Young's-inequality and lemma(4), we obtain

2
lleoll”.

1
IRyl < @11 B I Iy (V,rw) — QO(V, )1 20

1 -
< CORY |l w I3, +— llegll

40

To estimate R; by Cauchy - Schwartz and Young's-inequality and using lemma(4) we obtain;

1
Rs| < Bllo — (Q°)II” +—

2
g e !
1
IR3| < CORZF*2 || w 12, + — 10 lleo I (23)

Substituting Eq. (21) and Eq. (23), into Eq. (20), and applying the lemma(1) to the left
part we have ;

0
o (Il eg 12+ 11V,el1?) < czhz"+2 I @ If4,+ COR?* || w 12,4+ CORPF*2 || w 112,

2 ?
4(Z)II@oll + 1V, ell’

we obtain ;
1) 2 2 D42 2\ 2k 2
(< =)(ll eo IP+ IVrell®) < (CSh? + CO + CORDR || @ I 44,
We dived by (x — g), we have

(I eo 12+ IV,ell?) < Coh?* Il w 11244,

3CO, o
——h%+C¢Q
WhereC, —(—@) and <> g.( I prepared the calculation to be more accurate by

correctly relying on)

Numerical Results:

In this numerical example, we aim to prove the theoretical ideas discussed previously by
providing a concrete demonstration. To illustrate these concepts, we use test problems with
well-established exact solutions as tools. Specifically, our focus is on demonstrating optimal
convergence of the CADWGFE scheme, even when chosen arbitrarily. The problem at hand
relates to the linear convective diffusion equation (1), and we establish homogeneous dual
bounds and initial assumptions. The main parameters include € = 0.0001, the field A =
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[0,1] x [0,1], and the velocity vector f = (cos (g) ,sin (g)) In addition, initial and boundary

conditions, along with the source term f(z) derived from the given data, are taken into
account. To analyze the solution, we start by dividing the square domain A = [0,1] X [0,1] into
M x M sub-quadrants. Next, a triangular mesh is created using a diagonal line with a negative
oblique angle to divide each square element into two triangles. The spatial grid size is denoted
by h = 1/D with D = 2,4,16,32,64. Use function spaces I.2(A) and H!(A). We calculate the
errors w — wy, based on the network size and present the results in Table 1, to validate our
theoretical analysis. In addition, Figure 1 shows the numerical and exact solutions of the WG

method with mesh size h = é, while Table 2 and Figure 2 show the results of the CADWGFE

method. In this specific example, we adopt the exact solution
w = sin (ru)sin (nv).

The CADWGFEM approximation (Equation5) is represented as a matrix problem for each
element, where the local stiffness matrix is crucial for implementing CADWGFEW on a
computer. It is clear from Figure 1 that the exact solution does not agree with the approximate
solution of the WGFE method, as the latter shows noticeable oscillations. Table I shows the
results of the WGFE method. However, when comparing the exact solution with the modified
method (CADWGFEM), it becomes clear that the method is almost indistinguishable from the
exact solution, as shown in Figs. Hence, the numerical results in CADWGFEM show relatively
lower errors than those of WGFEM when compared with L#(A) and H?! (A). Standardize the
values in the tables. Furthermore, it can be seen that the smaller the network, the more
accurate the solution is, with fewer errors.

Table 1: H! - error and L? - error for WGFEM with, e = 1074,

h L2 — Error L2-Order H! — Error H!-Order
2.5000e — 01 4.2423e—01 O 6.3602e — 01 O
1.2500e — 01 1.0926e — 01 1.9071e+ 00 3.3157e— 01 9.378e — 01
6.2500e — 02 2.7286e — 02 2.0516e+ 00 1.6781e —01 9.8150e — 01
3.1250e — 02 6.5814e — 03 2.0717e + 00 8.4535e — 02 9.8919e — 01
1.5625e — 02 1.4005e — 03 2.2224e + 00 4.3085e — 02 9.1236e — 01

Table 2: H' — error and L? - error for CADWGFEM withe = 1074,

h 1.2 — Error LL2-Order H' — Error  H'-Order
2.5000e — 01 1.1682e — 02 0 3.1788e — 02 0
1.2500e — 01 3.0087e — 03 1.9571le+00 1.657le—02 9.3978e — 01
6.2500e — 02 7.5135e — 04 2.0016e + 00 8.3868e — 03 9.8250e — 01
3.1250e — 02 1.8123e — 04 2.0517e+00 4.2250e — 03 9.8918e — 01
1.5625¢ — 02 3.8565e — 05 2.2324e + 00 2.1534e — 03 9.7236e — 01
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Fig. 3 a) Error and order error of H! norm in WGFEM and b) Error and order error of H?!
norm in CADWGFE.

Conclusions

The performance of the method for solving convection propagation problems is
significantly improved by combining classical Artificial Diffusion (CAD) with Weak Galerkin
Finite Element (WGFE), known as CADWGFE. It surpasses classical WGFE in terms of stability,
error reduction, and regularity, and is particularly efficient when the diffusion factor is small.
This improved strategy is effective in eliminating oscillations and increasing convergence
rates under low epsilon conditions. CADWGFE improves the quality of the solution by limiting
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vibrations, but at the same time, it causes considerable additional diffusion. Even though this
extra diffusion can increase the total diffusion, it does not significantly reduce the utility of the
method in producing more stable and accurate results. CADWGFE is characterized by its
ability to balance stability and precision in the solutions it manages.
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